
ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ ÉI, ÅîÝôáóç Ðåñéüäïõ Éïõíßïõ 24/6/2010

ÄéäÜóêùí: Á÷éëëÝáò Óõíåöáêüðïõëïò

1. Íá ëõèåß ç äéáöïñéêÞ åîßóùóç (15 ìïí.)

(3x2 + 6xy2)dx+ (6x2y + 4y3)dy = 0

2. Íá âñåèåß ç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîßóùóçò (15 ìïí.)

y′′ − y′ − 2y = 4x− 4:

3. Âñåßôå ôçí åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ óôç óöáßñá (10 ìïí.)

x2 + y2 + z2 = 3

óôï óçìåßï P (1; 1; 1).

4. Íá õðïëïãéóèåß ç ðáñÜãùãïò ôçò f(x; y) = 2x2 + y2 óôï óçìåßï (-1,1) óôçí (10 ìïí.)

êáôåýèõíóç ôïõ v = 3i− 4j.

5. Ó÷åäéÜóôå ôï ðåäßï ïëïêëÞñùóçò êáé õðïëïãßóôå ôo äéðëü ïëïêëÞñùìá (10 ìïí.)∫ 3

0

∫ 2

0

(4− y2) dy dx

.

6. Íá õðïëïãéóèåß ï üãêïò ôïõ óôåñåïý êÜôù áðü ôï ðáñáâïëïåéäÝò z = x2 + y2 (10 ìïí.)

êáé ðÜíù áðü ôïí êõêëéêü äßóêï x2 + y2 ≤ 4.

7. Ó÷åäéÜóôå ôï ðåäßï ïëïêëÞñùóçò, áëëÜîôå ôç óåéñÜ ïëïêëÞñùóçò êáé õðïëïãß- (15 ìïí.)

óôå ôo äéðëü ïëïêëÞñùìá ∫
�

0

∫
�

x

sin y

y
dy dx

8. Íá âñåèåß ç åëÜ÷éóôç ôéìÞ ôçò f(x; y) = x2 + y2 åðß ôçò åõèåßáò 2x + y = 4. (15 ìïí.)

Ãéáôß åßíáé ç åëÜ÷éóôç êé ü÷é ç ìÝãéóôç;

ÊáëÞ åðéôõ÷ßá



ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ ÉI, ÅîÝôáóç Ðåñéüäïõ Éáíïõáñßïõ, 28/1/2010

ÄéäÜóêùí: Á÷éëëÝáò Óõíåöáêüðïõëïò

1. [1.6] Íá ëýèåß ç äéáöïñéêÞ åîßóùóç (3x2 + 4xy) + (2x2 + 3y2)y′ = 0.

Ëýóç. Ìå Ì(x; y) = 3x2 + 4xy êáé N(x; y) = 2x2 + 3y2 Ý÷ïõìå

@Ì

@y
= 4x êáé

@N

@x
= 4x;

Üñá ç äïèåßóá äéáöïñéêÞ åîßóùóç (ä.å.) åßíáé áêñéâÞò. Ëýíïõìå ôï óýóôçìá

@g

@x
= M(x; y) = 3x2 + 4xy (1)

@g

@y
= N(x; y) = 2x2 + 3y2 (2)

Ïëïêëçñþíïíôáò ôç (2) ùò ðñïò y ðáßñíïõìå

g(x; y) =

∫
(2x2 + 3y2) dy = 2x2y + y3 + c(x):

Ðáñáãùãßæïíôáò ôçí ôåëåõôáßá ùò ðñïò x ðáßñíïõíå

@g

@x
= 4xy + c′(x);

ç ïðïßá óå óõíäõáóìü ìå ôçí (1) ìáò äßíåé c′(x) = 3x2, êé Üñá

c(x) = x3 + C (C : óôáèåñÜ)

¸ôóé

g(x; y) = 2x2y + y3 + x3 + C (C : óôáèåñÜ);

êé åðïìÝíùò ç ëýóç ôçò äéáöïñéêÞò åîßóùóçò äßíåôáé óå ðåðëåãìÝíç ìïñöÞ

2x2y + y3 + x3 = � (� : óôáèåñÜ)



2. [1.6] Íá âñåèåß ç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîßóùóçò y′′− 7y′+12y = e2x.

Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò áíôßóôïé÷çò ïìïãåíïýò äéáöïñéêÞò

åîßóùóçò (ä.å.)

y′′ − 7y′ + 12y = 0

åßíáé ç

ë2 − 7ë+ 12 = 0:

Ïé ñßæåò ôçò ðáñáðÜíù åßíáé ïé ë1 = 3 êáé ë2 = 4, ïðüôå ç ãåíéêÞ ëýóç ôçò

ïìïãåíïýò ä.å. åßíáé ç

y(x) = c1e
3x + c2e

4x

(c1; c2 :óôáèåñÝò). ¸ðåéôá øÜ÷íïõìå ìéá åéäéêÞ ëýóç ôçò ìç ïìïãåíïýò ä.å.

ôçò ìïñöÞò y = Ae2x. ¸÷ïõìå

y′(x) = 2Ae2x êáé y′′(x) = 4Ae2x

Ïðüôå

y′′ − 7y′ + 12y = 4Ae2x − 7 ⋅ 2Ae2x + 12 ⋅ Ae2x
= 2Ae2x;

ïðüôå ðñÝðåé 2A = 1, äçë. A = 1
2
. ÅðïìÝíùò ç ãåíéêÞ ëýóç ôçò ìç

ïìïãåíïýò ä.å. åßíáé ç

y(x) = c1e
3x + c2e

4x +
1

2
e2x ;

ìå c1; c2 :óôáèåñÝò.



3. [1.5] Âñåßôå ôçí åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ óôo åëëåéøïåéäÝò

x2

9
+
y2

16
+
z2

25
= 3

óôï óçìåßï P (3; 4; 5).

Ëýóç. Ìå f(x; y; z) = x2

9
+ y2

16
+ z2

25
= Ý÷ïõìå

@f

@x
(3; 4; 5) =

2x

9

∣∣∣
(x;y;z)=(3;4;5)

=
6

9
=

2

3
@f

@y
(3; 4; 5) =

2y

16

∣∣∣
(x;y;z)=(3;4;5)

=
8

16
=

1

2
@f

@z
(3; 4; 5) =

2z

25

∣∣∣
(x;y;z)=(3;4;5)

=
10

25
=

2

5

ÅðïìÝíùò ç åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ åßíáé ç

2x

3
+
y

2
+

2z

5
=

2

3
⋅ 3 + 1

2
⋅ 4 + 2

5
⋅ 5

äçë.
2x

3
+
y

2
+

2z

5
= 6 ;

Þ éóïäýíáìá, ðïëëáðëáóéÜæïíôáò ìå ôï 30, äçë. ôï åëá÷. êïéíü ðïë/óéï ôùí

3, 2, êáé 5, ç

20x+ 15y + 12z = 180 :

4. [1.5] ¸óôù z = x2y3, üðïõ x = u2v êáé y = u2 + v2. ×ñçóéìïðïéÞóôå ôïí

êáíüíá ôçò áëõóßäáò ãéá íá õðïëïãßóåôå ôéò ìåñéêÝò ðáñáãþãïõò
@z

@u
êáé

@z

@v
.

Ëýóç. ¸÷ïõìå

@z

@u
=

@z

@x

@x

@u
+
@z

@y

@y

@u

= (2xy3) ⋅ (2uv) + (3x2y2) ⋅ (2u)
= 2(u2v)(u2 + v2)3 ⋅ (2uv) + 3(u2v)2(u2 + v2)2 ⋅ (2u)

êáé

@z

@v
=

@z

@x

@x

@v
+
@z

@y

@y

@v

= (2xy3) ⋅ u2 + (3x2y2) ⋅ (2v)
= 2(u2v)(u2 + v2)3 ⋅ u2 + 3(u2v)2(u2 + v2)2 ⋅ (2v)



5. [1.6] Õðïëïãßóôå ôï äéðëü ïëïêëÞñùìá∫∫
R

x2exy dA;

üðïõ R åßíáé ç ôñéãùíéêÞ ðåñéï÷Þ óôï xy-åðßðåäï ðïõ ðåñéêëåßåôáé áðü ôéò

åõèåßåò y = x, y = 0, êáé x = 1.

Ëýóç. Ç ðåñéï÷Þ ïëïêëÞñùóçò R åßíáé

R = {(x; y)∣ 0 ≤ x ≤ 1; 0 ≤ y ≤ x}:
ÅðïìÝíùò ï æçôïýìåíïò üãêïò éóïýôáé ìå∫ 1

0

∫ x

0

x2exy dy dx =

∫ 1

0

[
xexy

]y=x
y=0

dx

=

∫ 1

0

(xex
2 − x) dx

=
[ex2 − x2

2

]x=1

x=0

=
e

2
− 1 êõâéêÝò ìïíÜäåò:

6. [1.6] Íá âñåèåß ï üãêïò ôïõ óôåñåïý ðïõ âñßóêåôáé êÜôù áðü ôï ãñÜöçìá

ôçò

f(x; y) = x2 + y2

êáé õðåñÜíù ôïõ ìïíáäéáßïõ êõêëéêïý äßóêïõD = {(x; y) ∈ ℝ2∣x2+y2 ≤ 1}.
Ëýóç. Ï æçôïýìåíïò üãêïò éóïýôáé ìå ôï äéðëü ïëïêëÞñùìá∫∫

D

(x2 + y2) dA;

Ç ðïëéêÞ ìïñöÞ ôïõ D åßíáé

D = {(r; �)∣ 0 ≤ r ≤ 1; 0 ≤ � ≤ 2�}:
Óå ðïëéêÝò óõíôåôáãìÝíåò ôï ðáñáðÜíù äéðëü ïëïêëÞñùìá éóïýôáé ìå∫ 2�

0

∫ 1

0

r2 rdr d� =

∫ 2�

0

∫ 1

0

r3 dr d�

=

∫ 2�

0

1

4
d�

=
�

2
êõâéêÝò ìïíÜäåò:



7. [1.6] Íá âñåèåß ç ìÝãéóôç êáé åëÜ÷éóôç ôéìÞ ôçò f(x; y) = 2x2 + y2 åðß ôïõ

êýêëïõ x2 + y2 = 4.

Ëýóç. ÐñÝðåé íá âñïýìå ôéò ôéìÝò ôùí x; y êáé � ðïõ éêáíïðïéïýí ôáõôü÷ñïíá

ôéò åîéóþóåéò

∇f(x; y) = �∇g(x; y);

g(x; y) = 0;

üðïõ g(x; y) = x2 + y2 − 4. Áöïý

∇f(x; y) = 4xi+ 2yj

êáé

∇g(x; y) = 2xi+ 2yj;

ðñÝðåé íá ëýóïõìå ôï óýóôçìá

4x = 2�x;

2y = 2�y;

x2 + y2 = 4:

ðïõ åßíáé éóïäýíáìï ìå ôï

x(2− �) = 0; (3)

y(1− �) = 0; (4)

x2 + y2 = 4: (5)

Áí x = 0, ôüôå ç (3) ìáò äßíåé y = ±2 êáé ç (2) � = 1. Áí x ∕= 0, ôüôå ç

(1) ìáò äßíåé � = 2 êáé ç (2) y = 0, ïðüôå áðü ôçí (3) ðáßñíïõìå x = ±2.

Óõíåðþò, ïé ëýóåéò (x; y) ðïõ ðáßñíïõìå åßíáé ïé (0; 2), (0;−2), (2; 0), (−2; 0)

Õðïëïãßæïíôáò ôéò ôéìÝò ôçò f óôá ðáñáðÜíù óçìåßá âñßóêïõìå üôé ç ìÝãéóôç

ôéìÞ ôçò f óôï äïèÝíôá êýêëï åßíáé ç

f(2; 0) = f(−2; 0) = 8

êáé ç åëÜ÷éóôç ç

f(0; 2) = f(0;−2) = 4:



ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ ÉI, ÅîÝôáóç Ðåñéüäïõ Öåâñïõáñßïõ, 11/2/2010

ÄéäÜóêùí: Á÷éëëÝáò Óõíåöáêüðïõëïò

1. [1.5 ìïí.] Íá ëõèåß ç äéáöïñéêÞ åîßóùóç x(1 + y2) + y(1 + x2)y′ = 0.

Ëýóç. Ç äïèåßóá äéáöïñéêÞ åîßóùóç åßíáé ÷ùñéæïìÝíùí ìåôáâëçôþí. ÃñÜöåôáé

éóïäýíáìá ùò

x(1 + y2)dx+ y(1 + x2)dy = 0 ⇐⇒ y(1 + x2)dy = −x(1 + y2)dx

⇐⇒ y

1 + y2
dy = − x

1 + x2
dx

Ïëïêëçñþíïíôáò ôá äõï ìÝñç ôçò ðáñáðÜíù ðáßñíïõìå∫
y

1 + y2
dy = −

∫
x

1 + x2
dx+ C;

äçë.
ln(1 + y2)

2
= − ln(1 + x2)

2
+ C;

ðïõ éóïäýíáìá ãñÜöåôáé

ln(1 + y2) + ln(1 + x2) = 2C;

Þ

ln(1 + y2)(1 + x2) = 2C = ln(e2C) = ln(A); (A = e2C);

êé Üñá

(1 + y2)(1 + x2) = A:

2. [1.5 ìïí.] Íá âñåèåß ç ãåíéêÞ ëýóç ôçò äéáöïñéêÞò åîßóùóçò

y′′ − 3y′ − 10y = 6e4x:

Ëýóç. Ç ÷áñáêôçñéóôéêÞ åîßóùóç ôçò áíôßóôïé÷çò ïìïãåíïýò äéáöïñéêÞò

åîßóùóçò (ä.å.)

y′′ − 3y′ − 10y = 0

åßíáé ç

ë2 − 3ë− 10 = 0:



Ïé ñßæåò ôçò ðáñáðÜíù åßíáé ïé ë1 = −2 êáé ë2 = 5, ïðüôå ç ãåíéêÞ ëýóç ôçò

ïìïãåíïýò ä.å. åßíáé ç

y(x) = c1e
−2x + c2e

5x

(c1; c2 :óôáèåñÝò). ¸ðåéôá øÜ÷íïõìå ìéá åéäéêÞ ëýóç ôçò ìç ïìïãåíïýò ä.å.

ôçò ìïñöÞò y = Ae4x. ¸÷ïõìå

y′(x) = 4Ae4x êáé y′′(x) = 16Ae4x

Ïðüôå

y′′ − 3y′ − 10y = 16Ae4x − 3 ⋅ 4Ae4x − 10 ⋅ Ae4x
= −6Ae4x;

ïðüôå ðñÝðåé −6A = 6, äçë. A = −1. ÅðïìÝíùò ç ãåíéêÞ ëýóç ôçò ìç

ïìïãåíïýò ä.å. åßíáé ç

y(x) = c1e
−2x + c2e

5x − e4x ;

ìå c1; c2 :óôáèåñÝò.

3. [1.2 ìïí.] Âñåßôå ôçí åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ óôçí åðéöÜíåéá

x2 + 2xy − y2 + z2 = 7

óôï óçìåßï P (1;−1; 3).

Ëýóç. Ìå f(x; y; z) = x2 + 2xy − y2 + z2 Ý÷ïõìå

@f

@x
(1;−1; 3) = 2x+ 2y

∣∣∣
(x;y;z)=(1;−1;3)

= 0

@f

@y
(1;−1; 3) = 2x− 2y

∣∣∣
(x;y;z)=(1;−1;3)

= 4

@f

@z
(1;−1; 3) = 2z

∣∣∣
(x;y;z)=(1;−1;3)

= 6

ÅðïìÝíùò ç åîßóùóç ôïõ åöáðôüìåíïõ åðéðÝäïõ åßíáé ç

0 ⋅ x+ 4 ⋅ y + 6 ⋅ z = 0 ⋅ 1 + 4 ⋅ (−1) + 6 ⋅ 3
äçë.

4y + 6z = 14 ;

Þ éóïäýíáìá, äéáéñþíôáò ìå ôï 2, äçë. ôï ìÝãéóôï êïéíü äéáéñÝôç ôùí 4, 6,

êáé 14, ç

2y + 3z = 7 :



4. [1.2 ìïí.] ¸óôù z = exçìy, üðïõ x = uv2 êáé y = u2v. ×ñçóéìïðïéÞóôå

ôïí êáíüíá ôçò áëõóßäáò ãéá íá õðïëïãßóåôå ôéò ìåñéêÝò ðáñáãþãïõò
@z

@u

êáé
@z

@v
.

Ëýóç. ¸÷ïõìå

@z

@u
=

@z

@x

@x

@u
+

@z

@y

@y

@u

= (exçìy) ⋅ (v2) + (exóõíy) ⋅ (2uv)
= euv

2

çì(u2v) ⋅ v2 + euv
2

óõí(u2v) ⋅ (2uv)

êáé

@z

@v
=

@z

@x

@x

@v
+

@z

@y

@y

@v

= (exçìy) ⋅ 2uv + (exóõíy) ⋅ (u2)

= euv
2

çì(u2v) ⋅ 2uv + euv
2

óõí(u2v) ⋅ (u2)

5. [1.5 ìïí.] Õðïëïãßóôå ôï äéðëü ïëïêëÞñùìá∫∫
R

15xy2 dA;

üðïõ R åßíáé ç ôñéãùíéêÞ ðåñéï÷Þ óôï xy-åðßðåäï ðïõ ðåñéêëåßåôáé áðü ôéò

åõèåßåò y = x, y = 0, êáé x = 2.

Ëýóç. Ç ðåñéï÷Þ ïëïêëÞñùóçò R åßíáé

R = {(x; y)∣ 0 ≤ x ≤ 2; 0 ≤ y ≤ x}:

ÅðïìÝíùò ï æçôïýìåíïò üãêïò éóïýôáé ìå∫ 2

0

∫ x

0

15xy2 dy dx =

∫ 2

0

[
5xy3

]y=x
y=0

dx

=

∫ 2

0

5x4 dx

=
[
x5
]x=2

x=0

= 32 êõâéêÝò ìïíÜäåò:



6. [1.5 ìïí.] Íá âñåèåß ï üãêïò ôïõ óôåñåïý ðïõ âñßóêåôáé êÜôù áðü ôï

ãñÜöçìá ôçò

f(x; y) =
√
x2 + y2

êáé õðåñÜíù ôïõ êõêëéêïý äßóêïõ D = {(x; y) ∈ ℝ2∣x2 + y2 ≤ 9}.
Ëýóç. Ï æçôïýìåíïò üãêïò éóïýôáé ìå ôï äéðëü ïëïêëÞñùìá∫∫

D

√
x2 + y2 dA;

Ç ðïëéêÞ ìïñöÞ ôïõ D åßíáé

D = {(r; �)∣ 0 ≤ r ≤ 3; 0 ≤ � ≤ 2�}:

Óå ðïëéêÝò óõíôåôáãìÝíåò ôï ðáñáðÜíù äéðëü ïëïêëÞñùìá éóïýôáé ìå∫ 2�

0

∫ 3

0

√
r2 rdr d� =

∫ 2�

0

∫ 3

0

r2 dr d�

=

∫ 2�

0

[r3
3

]r=3

r=0
d�

=

∫ 2�

0

9 d�

= 18� êõâéêÝò ìïíÜäåò:

7. [1.6 ìïí.] Íá âñåèåß ç åëÜ÷éóôç ôéìÞ ôçò f(x; y) = x2 + y2 åðß ôçò åõèåßáò

x+ 3y = 10. Ãéáôß åßíáé ç åëÜ÷éóôç êé ü÷é ç ìÝãéóôç;

Ëýóç. ÐñÝðåé íá âñïýìå ôéò ôéìÝò ôùí x; y êáé � ðïõ éêáíïðïéïýí ôáõôü÷ñïíá

ôéò åîéóþóåéò

∇f(x; y) = �∇g(x; y);

g(x; y) = 0;

üðïõ g(x; y) = x+ 3y − 10. Áöïý

∇f(x; y) = 2xi+ 2yj

êáé

∇g(x; y) = 1i+ 3j;



ðñÝðåé íá ëýóïõìå ôï óýóôçìá

2x = �;

2y = 3�;

x+ 3y = 10:

ðïõ åßíáé éóïäýíáìï ìå ôï

x =
�

2
; (1)

y =
3�

2
; (2)

x+ 3y = 10: (3)

Áðü ôéò ðáñáðÜíù ðáßñíïõìå

�

2
+ 3

3�

2
= 10;

äçë.
10�

2
= 10;

ïðüôå � = 2, êé áðü ôéò (1), (2) ðáßñíïõìå x = 1 êáé y = 3. Óõíåðþò, ç

ìïíáäéêÞ ëýóç (x; y) ðïõ ðáßñíïõìå åßíáé ç (1; 3) ìå f(1; 3) = 12 + 32 = 10.

Ç ôéìÞ áõôÞ åßíáé ç åëÜ÷éóôç äéüôé éóïýôáé ìå ôï ôåôñÜãùíï ôçò áðüóôáóçò

ôçò äïèåßóáò åõèåßáò x+ 3y = 10 áðü ôçí áñ÷Þ ôùí áîüíùí (0; 0),

f(x; y) = x2 + y2 =
(√

(x− 0)2 + (y − 0)2
)2

:

Ç f äåí Ý÷åé ìÝãéóôç ôéìÞ åðß ôçò åõèåßáò, äéüôé ìðïñïýìå íá âñïýìå óçìåßá

óôçí åõèåßá ðïõ íá áðÝ÷ïõí ïóïäÞðïôå ìáêñéÜ áðü ôï (0; 0) èÝëïõìå.


