
ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ É, ÅîÝôáóç Ðåñéüäïõ Éïõíßïõ 21/6/2010

ÄéäÜóêùí: Á÷éëëÝáò Óõíåöáêüðïõëïò

1. (i) ÅîåôÜóôå ùò ðñïò ôç óõíÝ÷åéá óôï x0 = 1 ôç óõíÜñôçóç f(x) ìå ôýðï (10 ìïí.)

f(x) =


x3 − 3x+ 2

x2 − 2x+ 1
; áí x ̸= 1

3

2
; áí x = 1

(ii) Íá õðïëïãéóèåß ôï üñéï lim
x→0

x− sinx

x3
(10 ìïí.)

2. (i) Íá âñåèåß ç åîßóùóç ôçò åöáðôïìÝíçò ôçò êáìðýëçò (10 ìïí.)

x2 + 3xy + y2 = 5

óôï óçìåßï (1; 1).

(ii) Íá õðïëïãßóôå ôçí ðáñÜãùãï
d

dx

∫
x
2

0

cos
√
t dt. (8 ìïí.)

3. Íá õðïëïãéóèïýí ôá ðáñáêÜôù ïëïêëçñþìáôá.
(12 ìïí.)

(i)

∫
2x(x2 + 1)ex

2+1 dx
(12 ìïí.)

(ii)

∫
4ex

e2x − 4
dx

4. (i) ¸óôù f(x) = tanx−x ãéá −�

2
< x < �

2
. Íá äåé÷èåß üôé ç ðñþôç ðáñÜãùãïò (8 ìïí.)

ôçò óõíÜñôçóçò åßíáé f ′(x) = tan2 x.

(ii) ¸óôù Á ç ðåñéï÷Þ ôïõ åðéðÝäïõ ðïõ öñÜóóåôáé áðü ôçí êáìðýëç y = tanx (6 ìïí.)

êáé ôéò åõèåßåò y = 0 êáé x = �

4
. Íá âñåèåß ï üãêïò ôïõ óôåñåïý ðïõ ðñïêýðôåé

áðü ìéá ðëÞñç ðåñéóôñïöÞ ôçò ðåñéï÷Þò Á ùò ðñïò ôïí x-Üîïíá.

5. ¸óôù ç êáìðýëç C = {(x(t); y(t)) : 0 ≤ t ≤ �

2
} üðïõ x(t) = 8 cos t + 8t sin t

êáé y(t) = 8 sin t− 8t cos t.
(8 ìïí.)

(i) Âñåßôå ôçí
√
x′(t)2 + y′(t)2. (6 ìïí.)

(ii) Õðïëïãßóôå ôï ìÞêïò ôçò êáìðýëçò.

6. Íá ëõèåß ôï ãñáììéêü óýóôçìá ìå ôç ìÝèïäï ôùí ïñéæïõóþí (10 ìïí.)

−x+ y + z = 1

x− y + z = −1

x+ y − z = 1

Åðáëçèåýóáôå ôç ëýóç ðïõ âñÞêáôå.

ÊáëÞ åðéôõ÷ßá



ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ É, ÅîÝôáóç Ðåñéüäïõ Éáíïõáñßïõ 25/1/2010

Á÷éëëÝáò Óõíåöáêüðïõëïò

1. (i) ÅîåôÜóôå ùò ðñïò ôç óõíÝ÷åéá êáé ðáñáãùãéóéìüôçôá óôï 0 ôç óõíÜñôçóç [1.5]

f(x) ìå ôýðï

f(x) =

⎧⎨⎩
x− ln(1 + x)

x ln(1 + x)
; áí x > −1 êáé x ∕= 0

1; áí x = 0

Ëýóç. Ãéá íá åßíáé óõíå÷Þò óôï 0 èá ðñÝðåé íá åßíáé lim
x→0

f(x) = f(0) = 1.

Åöáñìüæïíôáò ôïí êáíüíá l'Hôpital äõï öïñÝò, êé áöïý lim
x→0

ln(1 + x) =

ln 1 = 0, ðáßñíïõìå

lim
x→0

f(x) = lim
x→0

x− ln(1 + x)

x ln(1 + x)

0
0= lim

x→0

1− 1
x+1

ln(1 + x) + x

x+1

= lim
x→0

x

(1 + x) ln(1 + x) + x
0
0= lim

x→0

1

ln(1 + x) + 2

=
1

2
∕= 1 = f(0):

ÅðïìÝíùò ç f åßíáé áóõíå÷Þò óôï 0 êé Üñá ìç ðáñáãùãßóéìç óôï 0.

(ii) Íá õðïëïãéóèåß ôï üñéï [1.5]

lim
x→+∞

x2 + 1 + çì(x+ 1)

2x2 + 2 + óõí(2x+ 2)

Ëýóç. Áöïý −1 ≤ çì(x + 1) ≤ 1 ãéá êÜèå ðñáãìáôéêü x, äéáéñþíôáò ìå

x2 + 1 ðáßñíïõìå

− 1

x2 + 1
≤ çì(x+ 1)

x2 + 1
≤ 1

x2 + 1

ãéá êÜèå x ∈ ℝ. Áöïý lim
x→+∞

1

x2 + 1
= 0, áðü ôï êñéôÞñéï ðáñåìâïëÞò êáé ôçí

ðáñáðÜíù áíéóüôçôá ðáßñíïíôáò x → +∞ Ýðåôáé üôé lim
x→+∞

çì(x+ 1)

x2 + 1
= 0.

Ïìïßùò äåß÷íïõìå lim
x→+∞

óõí(2x+ 2)

x2 + 1
= 0. ¢ñá

lim
x→+∞

x2 + 1 + çì(x+ 1)

2x2 + 2 + óõí(2x+ 2)

:(x2+1)
= lim

x→+∞
1 + çì(x+1)

x2+1

2 + óõí(2x+2)
x2+1

=
1 + 0

2 + 0
=

1

2



2. (i) Ðñïóäéïñßóôå ôéò ôéìÝò ôùí á êáé â ãéá ôéò ïðïßåò ç óõíÜñôçóç f : ℝ −→ ℝ [1.5]

ìå ôýðï

f(x) = áx3 + âx2 − 6x− 1

ðáñïõóéÜæåé ôïðéêÜ áêñüôáôá óôá óçìåßá x1 = 1 êáé x2 = −2. Ãéá ôéò

ôéìÝò ôùí á êáé â ðïõ âñÞêáôå, äåßîôå üôé ç óõíÜñôçóç f ðáñïõóéÜæåé ôïðéêü

ìÝãéóôï óôï x2 êáé ôïðéêü åëÜ÷éóôï óôï x1. Åßíáé êÜðïéï áðü áõôÜ ïëéêü

áêñüôáôï;

Ëýóç. Åßíáé f ′(x) = 3áx2 + 2âx − 6. ÐñÝðåé f ′(1) = f ′(−2) = 0, ïðüôå

ðáßñíïõìå ôï óýóôçìá åîéóþóåùí

3á + 2â = 6 êáé 12á − 4â = 6

ðïõ Ý÷åé ëýóåéò á = 1 êáé â =
3

2
. ¸ôóé

f(x) = x3 +
3

2
x2 − 6x− 1

êáé

f ′(x) = 3x2 + 3x− 6 = 3(x2 + x− 2) = 3(x− 1)(x+ 2)

¸ôóé Ý÷ïõìå ôïí ðáñáêÜôù ðßíáêá

x −2 1

Ðñüóçìï ôçò f ′ +
... − ... +

Ìïíïôïíßá ôçò f ↗ ... ↘ ... ↗
ôïð:ìåã: ôïð:ìéí:

¢ñá ç f Ý÷åé ôïðéêü ìÝãéóôï óôï x2 = −2 êáé ôïðéêü åëÜ÷éóôï óôï x1 = 1.

Áöïý lim
x→+∞

f(x) = +∞ êáé lim
x→−∞

f(x) = −∞ êáíÝíá áðü ôá x1; x2 äåí

åßíáé ïëéêü áêñüôáôï.

(ii) Íá âñåèåß ç åîßóùóç ôçò åöáðôïìÝíçò óôçí Ýëëåéøç
x2

4
+

y2

12
= 1 óôï [1]

óçìåßï (1; 3).



Ëýóç. Ðáñáãùãßæïõìå êáé ôá äõï ìÝëç ôçò ðáñáðÜíù ùò ðñïò x êáé ðáßñíïõìå

2x

4
+

2yy′

12
= 0 ⇐⇒ x

2
+

yy′

6
= 0

⇐⇒ yy′

6
= −x

2

⇐⇒ y′ = −3x

y

Ìå x = 1 êáé y = 3 ðáßñíïõìå

y′(1) = −3 ⋅ 1
3

= −1:

ç åîßóùóç ôçò åöáðôïìÝíçò óôçí äïèåßóá Ýëëåéøç óôï óçìåßï (1; 3) åßíáé

y − 3 = (−1) ⋅ (x− 1) = −x+ 1;

Þ éóïäýíáìá

y = −x+ 4:

3. Íá õðïëïãéóèïýí ôá ðáñáêÜôù ïëïêëçñþìáôá. [1.5+1.5]

(i)

∫
xe

√
x2+1 dx (ii)

∫
x

(x2 + 9)
√
x2 + 10

dx

Ëýóç. (i) ÈÝôïõìå u =
√
x2 + 1, ïðüôå u2 = x2 + 1 êáé 2udu = 2xdx, äçë.

udu = xdx. ¢ñá ∫
xe

√
x2+1 dx =

∫
ueu du

ðïõ ìå ïëïêëÞñùóç êáôÜ ðáñÜãïíôáò éóïýôáé ìå∫
ueu du = ueu −

∫
eu du = ueu − eu + C = eu(u− 1) + C;

ïðüôå ∫
xe

√
x2+1 dx = eu(u− 1) + C = e

√
x2+1(

√
x2 + 1− 1) + C:

(ii) ÈÝôïõìå u =
√
x2 + 10, ïðüôå u2 = x2 + 10 êáé 2udu = 2xdx, äçë.

udu = xdx êáé x2 + 9 = u2 − 1. ¢ñá∫
x

(x2 + 9)
√
x2 + 10

dx =

∫
u

(u2 − 1)u
du =

∫
1

u2 − 1
du



Áíáëýïõìå ôï
1

u2 − 1
=

1

(u− 1)(u+ 1)
óå Üèñïéóìá áðëþí êëáóìÜôùí:

1

(u− 1)(u+ 1)
=

A

u− 1
+

B

u+ 1
:

ÐïëëáðëáóéÜæïíôáò ôçí ðáñáðÜíù åîßóùóç ìå (u − 1) êáé èÝôïíôáò u = 1

óôçí ðñïêýðôïõóá
1

u+ 1
= Á+

B

u+ 1
(u− 1):

ðáßñíïõìå A =
1

2
, åíþ ðïëëáðëáóéÜæïíôáò ôçí ìå (u + 1) êáé èÝôïíôáò

u = −1 óôçí ðñïêýðôïõóá

1

u− 1
=

Á

u− 1
(u+ 1) + Â:

ðáßñíïõìå Â = −1

2
. ¢ñá

1

(u− 1)(u+ 1)
=

1

2
⋅ 1

u− 1
− 1

2
⋅ 1

u+ 1
;

êé Ýôóé ∫
1

u2 − 1
du =

∫ (
1

2
⋅ 1

u− 1
− 1

2
⋅ 1

u+ 1

)
du

=
1

2
ln ∣u− 1∣ − 1

2
ln ∣u+ 1∣+ C

=
1

2
ln
∣∣∣u− 1

u+ 1

∣∣∣+ C

Óõíåðþò,∫
x

(x2 + 9)
√
x2 + 10

dx =

∫
1

u2 − 1
du =

1

2
ln
∣∣∣u− 1

u+ 1

∣∣∣+C =
1

2
ln
∣∣∣√x2 + 10− 1√

x2 + 10 + 1

∣∣∣+C
4. (i) ¸óôù Á ç ðåñéï÷Þ ôïõ åðéðÝäïõ ðïõ öñÜóóåôáé áðü ôçí êáìðýëç y = ex [1.5]

êáé ôéò åõèåßåò y = 0, x = 0 êáé x = 1. Íá âñåèåß ï üãêïò ôïõ óôåñåïý ðïõ

ðñïêýðôåé áðü ìéá ðëÞñç ðåñéóôñïöÞ ôçò ðåñéï÷Þò Á ùò ðñïò ôïí x-Üîïíá.

Ëýóç. Ï üãêïò ôïõ óôåñåïý éóïýôáé ìå

V = �

∫ 1

0

e2x dx = �
[e2x
2

]1
0
= �

(
e2

2
− 1

2

)
=

�(e2 − 1)

2
êõâéêÝò ìïíÜäåò:

(ii) Íá õðïëïãéóèåß ôï ìÞêïò ôçò êáìðýëçò C = {(x(t); y(t)) : 0 ≤ t ≤ �} [1]



üðïõ x(t) = ���(t) + t��(t) êáé y(t) = ��(t)− t���(t).

Ëýóç. Ôï ìÞêïò ôçò êáìðýëçò C éóïýôáé ìå

L =

∫
�

0

√
x′(t)2 + y′(t)2 dt

Åßíáé

x′(t) = −çìt+ çìt+ tóõít = tóõít

êáé

y′(t) = óõít− óõít+ tçìt = tçìt

ïðüôå √
x′(t)2 + y′(t)2 =

√
(tóõít)2 + (tçìt)2

=
√
t2(óõí2t+ çì2t)

=
√
t2

= ∣t∣
t≥0
= t:

ïðüôå

L =

∫
�

0

t dt =
[t2
2

]
�

0
=

�2

2
ìïíÜäåò ìÞêïõò:



ÔÅÉ ËÜñéóáò, ÔìÞìá Ìç÷áíïëïãßáò

ÌáèçìáôéêÜ É, ÅîÝôáóç Ðåñéüäïõ Öåâñïõáñßïõ 8/2/2010

ÄéäÜóêùí: Á÷éëëÝáò Óõíåöáêüðïõëïò

1. (i) ÅîåôÜóôå ùò ðñïò ôç óõíÝ÷åéá óôï x0 = 1 ôç óõíÜñôçóç f(x) ìå ôýðï [1]

f(x) =

⎧⎨⎩
x4 − x

x− 1
; áí x ∕= 1

x+ 2; áí x = 1

Ëýóç. Ãéá íá åßíáé óõíå÷Þò óôï 1 èá ðñÝðåé íá åßíáé lim
x→1

f(x) = f(1) = 1+2 = 3.

Åöáñìüæïíôáò ôïí êáíüíá l'Hôpital ìéá öïñÜ ðáßñíïõìå

lim
x→1

f(x) = lim
x→1

x4 − x

x− 1

0
0= lim

x→1

4x3 − 1

1

= lim
x→1

(4x3 − 1)

= 4 ⋅ 13 − 1

= 3

ÅðïìÝíùò ç f åßíáé óõíå÷Þò óôï 1.

ÐáñáôÞñçóç: Ìéá Üëëç ëýóç èá ìðïñïýóå íá äïèåß ÷ùñßò ôïí êáíüíá l'Hôpital.

Áñêåß íá ðáñáôçñÞóåé êáíåßò üôé

x4 − x

x− 1
=

x(x3 − 1)

x− 1
=

x(x− 1)(x2 + x+ 1)

x− 1
= x(x2+x+1) → 1⋅(12+1+1) = 3;

êáèþò x → 1.

(ii) Íá õðïëïãéóèåß ôï üñéï lim
x→0

ex − 1− x− x2

2
− x3

6
x2

[1]

Ëýóç. Åöáñìüæïíôáò ôïí êáíüíá l'Hôpital äõï öïñÝò ðáßñíïõìå

lim
x→0

ex − 1− x− x2

2
− x3

6
x2

0
0= lim

x→0

ex − 1− 2x

2
− 3x2

6
2x

= lim
x→0

ex − 1− x− x2

2
2x

0
0= lim

x→0

ex − 1− 2x

2
2

=
0

2

= 0:



2. Íá õðïëïãéóèïýí ôá ðáñáêÜôù ïëïêëçñþìáôá. [1+1+1]

(i)

∫
dx

2
√
x(
√
x+ 1)

(ii)

∫
(x+ 1)ex dx (iii)

∫
x− 9

(x− 2)(x+ 5)
dx

Ëýóç. (i) ÈÝôïíôáò t =
√
x+ 1, êé áöïý dt =

dx

2
√
x
, ðáßñíïõìå∫

dx

2
√
x(
√
x+ 1)

=

∫
dt

t
= ln ∣t∣+ C = ln(

√
x+ 1) + C:

(ÐáñáôÞñçóç: Ëýíåôáé êáé ìå ôçí áíôéêáôÜóôáóç t =
√
x).

(ii) Må ïëïêëÞñùóç êáôÜ ðáñÜãïíôåò Ý÷ïõìå∫
(x+ 1)ex dx = (x+ 1)ex −

∫
ex dx = (x+ 1)ex − ex + C = xex + C;

(ÐáñáôÞñçóç: Äåßôå êáé ôï ðñüâëçìá 3(i) ôçò ðñþôçò åîåôáóôéêÞò).

(iii) Åßíáé
x− 9

(x− 2)(x+ 5)
=

2

x+ 5
+

−1

x− 2
;

ïðüôå ∫
x− 9

(x− 2)(x+ 5)
dx =

∫
2

x+ 5
dx+

∫ −1

x− 2
dx

= 2 ln ∣x+ 5∣ − ln ∣x− 2∣+ C

3. (i) ¸óôù Á ç ðåñéï÷Þ ôïõ åðéðÝäïõ ðïõ öñÜóóåôáé áðü ôçí êáìðýëç y =
√
x êáé [1]

ôéò åõèåßåò y = 0 êáé x = 4. Íá âñåèåß ï üãêïò ôïõ óôåñåïý ðïõ ðñïêýðôåé áðü

ìéá ðëÞñç ðåñéóôñïöÞ ôçò ðåñéï÷Þò Á ùò ðñïò ôïí x-Üîïíá.

Ëýóç. Ï üãêïò ôïõ óôåñåïý éóïýôáé ìå

V = �

∫ 4

0

(
√
x)2 dx = �

∫ 4

0

x dx =
[x2

2

]4
0
= �

(
16

2
− 0

2

)
= 8� êõâéêÝò ìïíÜäåò:

(ii) Íá õðïëïãéóèåß ôï ìÞêïò ôçò êáìðýëçò C = {(x(t); y(t)) : 0 ≤ t ≤ �

2
} üðïõ [1]

x(t) = 2���(t) êáé y(t) = 2��(t).

Ëýóç. Ôï ìÞêïò ôçò êáìðýëçò C éóïýôáé ìå

L =

∫ �

2

0

√
x′(t)2 + y′(t)2 dt

Åßíáé

x′(t) = −2çìt êáé y′(t) = 2óõít

êáé √
x′(t)2 + y′(t)2 =

√
(−2çìt)2 + (2óõít)2

=
√
4(çì2t+ óõí2t)

=
√
4

= 2:



ïðüôå

L =

∫ �

2

0

2 dt = 2 ⋅ (�
2
− 0) = � ìïíÜäåò ìÞêïõò:

4. (i) Íá âñåèåß ç åîßóùóç ôçò åöáðôïìÝíçò óôçí Ýëëåéøç 3x2+ y2 = 12 óôï óçìåßï [1]

(x0; y0) = (−1;−3).

Ëýóç. Ðáñáãùãßæïõìå êáé ôá äõï ìÝëç ôçò ðáñáðÜíù ùò ðñïò x êáé ðáßñíïõìå

6x+ 2yy′ = 0 ⇐⇒ 2yy′ = −6x

⇐⇒ yy′

6
= −x

2

⇐⇒ y′ = −3x

y

Ìå x = −1 êáé y = −3 ðáßñíïõìå

y′(−1) = −3 ⋅ (−1)

−3
= −1:

ç åîßóùóç ôçò åöáðôïìÝíçò óôçí äïèåßóá Ýëëåéøç óôï óçìåßï (−1;−3) åßíáé

y − (−3) = (−1) ⋅ (x− (−1)) = −x− 1;

Þ éóïäýíáìá

y = −x− 4:

(ii) ¸óôù V (x) ï üãêïò åíüò êïõôéïý áíïéêôïý áðü ðÜíù ðïõ êáôáóêåõÜæïõìå [2]

áöáéñþíôáò ôåôñÜãùíï ðëåõñÜò x (0 < x < 5) áðü êÜèå ãùíßá åíüò ïñèïãþíéïõ

÷áñôïíéïý äéáóôÜóåùí 10 åðß 16.

(a) Íá âñåèåß ï ôýðïò ãéá ôïí üãêï V (x) êáé íá äåé÷èåß üôé,

V ′(x) = 4(x− 2)(3x− 20) (0 < x < 5)

Ëýóç. Åßíáé

V (x) = ìÞêïò ⋅ ðëÜôïò ⋅ ýøïò
= (16− 2x)(10− 2x)x

= 4x3 − 52x2 + 160x

ÅðïìÝíùò,

V ′(x) = 12x2 − 104x+ 160

= 4(3x2 − 26x+ 40)

= 4(x− 2)(3x− 20):



(b) Íá âñåèåß ç ìÝãéóôç ôéìÞ ôïõ üãêïõ V (x) (0 < x < 5). ÐïéÝò åßíáé ïé

äéáóôÜóåéò ôïõ êïõôéïý ìåãßóôïõ üãêïõ ðïõ ìðïñïýìå íá êáôáóêåõÜóïõìå;

Ëýóç. Åßíáé V ′(x) = 0 áí êáé ìüíï áí x = 2 Þ x = 20
3
. Ç ìüíç áðïäåêôÞ

ôéìÞ üìùò åßíáé ç x = 2 áöïý
20

3
> 5.

¸÷ïõìå ôïí ðáñáêÜôù ðßíáêá

x 0 2 5

Ðñüóçìï ôçòV ′ ... +
... − ...

Ìïíïôïíßá ôçòV
... ↗ ... ↘ ...

ìåã:

¢ñá ç V (x) Ý÷åé ìÝãéóôï óôï x = 2 ìå ôéìÞ

V (2) = 4 ⋅ 23 − 52 ⋅ 22 + 160 ⋅ 2 = 144

êõâéêÝò ìïíÜäåò. Ôï êïõôß ìåãßóôïõ üãêïõ Ý÷åé äéáóôÜóåéò 12× 6× 2.


