
LUMENENES ASKHSEIS ANALUSH-III

0.1 DIPLA OLOKLHRWMATA

'Askhsh 1. Na upologisteÐ to embadìn thc èlleiyhc
x2

a2
+

y2

b2
= 1

LÔsh: To sunolikì embadìn thc èlleiyhc ja eÐnai to tetrapl�sio tou embadoÔ pou an-
tistoiqeÐ sto pr¸to tetarthmìrio. MporoÔme na upologÐsoume to zhtoÔmeno embadìn me
arketoÔc trìpouc. Treic apì autoÔc eÐnai oi parak�tw:

a' trìpoc): 'Ean qrhsimopoi soume kartesianèc suntetagmènec to embadìn E ja dÐnetai
apo to diplì olokl rwma

E = 4

∫

D

∫
dxdy =

∫ a

x=0

∫ b
√

1−x2

a2

y=0

dxdy = 4

∫ a

x=0




∫ b
√

1−x2

a2

y=0

dy


 dx

= 4b

∫ a

x=0

√
1− x2

a2
dx = 4b

aπ

4
= abπ

b' trìpoc): Ja qrhsimopoi soume polikèc suntetagmènec me ton parak�tw metasqh-
matismì

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ

Ta ìria olokl rwshc ja ta broÔme apì thn profan  sunj kh

x2

a2
+

y2

b2
− 1 ≤ 0

ìpou me antikat�stash kai met� apì merikèc pr�xeic brÐskoume

ρ ≤ ab√
b2 cos2 θ + a2 sin2 θ

To embadìn ja eÐnai t¸ra

E = 4

∫ π/2

θ=0

[∫ ρ= ab√
b2 cos2 θ+a2 sin2 θ

ρ=0

ρdρ

]
dθ

= 2a2b2

∫ π/2

θ=0

1

b2 cos2 θ + a2 sin2 θ
dθ = 2a2b2 π

2ab
= abπ

Diapist¸noume ìti me touc dÔo parap�nw trìpouc h duskolÐa èggeite ston upologismì
tou oloklhr¸matoc wc proc x (a' trìpoc) kai wc proc θ (b' trìpoc). Efarmìzontac ìmwc
ton parak�tw metasqhmatismì o upologismìc tou embadoÔ aplousteÔetai shmantik�

g' trìpoc): Ja qrhsimopoi soume p�li polikèc suntetagmènec me ton parak�tw ìmwc
metasqhmatismì

x = aρ cos θ, y = bρ sin θ, dxdy = abρdρdθ

Ta ìria olokl rwshc ja ta broÔme apì thn profan  sunj kh

x2

a2
+

y2

b2
− 1 ≤ 0
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ìpou me antikat�stash kai met� apì merikèc pr�xeic brÐskoume

ρ ≤ 1

To embadìn ja eÐnai t¸ra

E = 4

∫ π/2

θ=0

[∫ ρ=1

ρ=0

abρdρ

]
dθ = 4ab

1

2

∫ π/2

θ=0

dθ = 2ab
π

2
= abπ

Upìdeixh : 'Opwc ja deÐxoume sto 5o Kef�laio, to parap�nw embadìn mporoÔme eÔkola
na to upologÐsoume efarmìzontac ton tÔpo tou Green, an�gwntac ètsi to diplì olokl rwma
se èna kleistì epikampÔlio olokl rwma.

'Askhsh 2. Na upologisjeÐ to diplì olokl rwma

I =

∫

D

∫
(1− x2 − y2)1/2dxdy

ìtan o tìpoc D perikleÐetai apì thn kampÔlh x2 + y2 = x
LÔsh: H kampÔlh pou perib�llei ton tìpo mporeÐ, met� apì merikèc pr�xeic na grafeÐ

x2 + y2 = x =⇒
(

x− 1

2

)2

+ y2 =

(
1

2

)2

'Enac kat�llhloc metasqhmatismìc se polikèc suntetagmènec eÐnai o akìloujoc

x = ρ cos θ, y = ρ sin θ, 0 ≤ ρ ≤ cos θ, −π

2
≤ θ ≤ π

2

To diplì olokl rwma, kai lamb�nontac upìyh ìti h oloklhrwtèa sun�rthsh eÐnai sum-
metrik  wc proc ton �xona twn x ja eÐnai

I =

∫

D

∫
(1− x2 − y2)1/2dxdy = 2

∫ π/2

θ=0

[∫ ρ=cos θ

ρ=0

(1− ρ2)1/2ρdρ

]
dθ

= 2

∫ π/2

θ=0

[(
−1

3

) ∫ ρ=cos θ

ρ=0

d
(
1− ρ2

)3/2
]

dθ

= −2

3

∫ π/2

θ=0

(
(1− cos2 θ)3/2 − 1

)
dθ = −2

3

∫ π/2

θ=0

(| sin θ|3 − 1
)
dθ

= −2

3

∫ π/2

θ=0

(
sin θ3 − 1

)
dθ = −2

3

1

6
(4− 3π) =

3π − 4

9

Upìdeixh: 'Enac deÔteroc metasqhmatismìc eÐnai o parak�tw

x =
1

2
+ ρ cos θ, y = ρ sin θ, 0 ≤ ρ ≤ 1

2
, 0 ≤ θ ≤ 2π

kai tìte to olokl rwma ja èqei thn morf 

I =

∫

D

∫
(1− x2 − y2)1/2dxdy

=

∫ 2π

θ=0

[∫ 1/2

ρ=0

(
3

4
− ρ2 − ρ cos θ

)1/2

ρdρ

]
dθ

2



To parap�nw ìmwc olokl rwma, mporeÐ se sqèsh me to prohgoÔmeno olokl rwma na èqei
anex�rhtec wc proc thn olokl rwsh tic metablhtèc ρ kai θ all� exaiteÐac thc oloklhrwtèac
sun�rthshc

(
3
4
− ρ2 − ρ cos θ

)1/2 eÐnai duskolìtero na upologisteÐ. O upologismìc tou
af netai san �skhsh.

'Askhsh 3. Na upologisteÐ o ìgkoc tou stereoÔ pou orÐzetai ektìc tou
paraboloeidoÔc x2 + y2 = az, entìc tou kulÐndrou x2 + y2 = 2ax kai p�nw
apì to epÐpedo xOy.
LÔsh: 'Opwc faÐnetai sto sq ma ton kÔlindro skep�zei h epif�neia tou paraboloeidoÔc,
en¸ o tìpoc olokl rwshc D eÐnai h b�sh tou kulÐndrou. H kampÔlh pou perib�llei ton
tìpo mporeÐ, met� apì merikèc pr�xeic na grafeÐ

x2 + y2 = 2ax =⇒ (x− a)2 + y2 = a2

'Enac kat�llhloc metasqhmatismìc se polikèc suntetagmènec eÐnai o akìloujoc

x = ρ cos θ, y = ρ sin θ, 0 ≤ ρ ≤ 2a cos θ, −π

2
≤ θ ≤ π

2

Sunep¸c o ìgkoc tou stereoÔ ja dÐnetai apì to olokl rwma

I =

∫

D

∫
x2 + y2

a
dxdy =

∫

G

∫
1

a
ρ2ρdρdθ

=
1

a

∫ π/2

θ=π/2

[∫ 2a cos θ

ρ=0

ρ3dρ

]
dθ =

1

a

1

4
(2a)4

∫ π/2

θ=π/2

cos4 θdθ

= 16a3 3π

8
=

3πa3

2

'Askhsh 4. Na brejeÐ o ìgkoc tou stereoÔ tou pr¸tou ogdìou twn axìn-
wn pou orÐzetai apì thn kulindrik  epif�neia x2+y2 = a2 kai apì to epÐpedo
z = x + y.
LÔsh: O ìgkoc tou parap�nw stereoÔ periorÐzetai apì p�nw apì thn epif�neia z = x + y
kai apì k�tw apì to epÐpedo Oxy. EpÐshc o ìgkoc prob�lletai ston tìpo D pou eÐnai to
to komm�ti tou kuklikoÔ dÐskou x2 + y2 = a2 pou brÐsketai sto pr¸to ogdohmìrio. Ja
qrhsimopoÐsoume polikèc suntetagmènec me ta antÐstoiqa ìria, dhlad 

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ, 0 ≤ ρ ≤ a, 0 ≤ θ ≤ π

2

O ìgkoc tou stereoÔ upologÐzetai wc exeÐc

V =

∫

D

∫
(x + y)dxdy =

∫

G

∫
(ρ cos θ + ρ sin θ)ρdρdθ

=

∫ a

ρ=0

ρ2dρ ·
∫ π/2

θ=0

(cos θ + sin θ) =
1

3
a3 · 2 =

2a3

3

'Askhsh 5. Na upologisteÐ to olokl rwma
∫

D

∫
(x − 2y)dxdy ìpou D o

tìpoc pou perikleÐetai apì ton kÔklo x2 + y2 = R2, thn èlleiyh x2

a2 + y2

b2
= 1

3



kai touc jetikoÔc hmi�xonec Ox, Oy (a, b > R).

LÔsh: a' trìpoc: To olokl rwma mporeÐ na grafeÐ

I = Ie − Ic =

∫

De

∫
(x− 2y)dxdy −

∫

Dc

∫
(x− 2y)dxdy

ìpou De kai Dc oi perioqèc pou perikleÐontai apì thn èlleiyh (kai touc jetikoÔc hmi�xonec)
kai ton kÔklo (kai touc jetikoÔc hmi�xonec). Gia to upologismì tou oloklhr¸matoc Ie

epilègoume thn parametropoÐhsh

x = aρ cos θ, y = bρ sin θ, dxdy = abρdρdθ, 0 ≤ ρ ≤ 1, 0 ≤ θ ≤ π

2

kai gia to Ic thn

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ, 0 ≤ ρ ≤ R, 0 ≤ θ ≤ π

2

Ja èqoume t¸ra

I =

∫

De

∫
(x− 2y)dxdy −

∫

Dc

∫
(x− 2y)dxdy

=

∫

De

∫
(aρ cos θ − 2bρ sin θ) abρdρdθ

−
∫

Dc

∫
(ρ cos θ − 2ρ sin θ) ρdρdθ

=

∫ π/2

θ=0

∫ 1

ρ=0

a2bρ2 cos θdρdθ −
∫ π/2

θ=0

∫ 1

ρ=0

2ab2ρ2 sin θdρdθ

−
(∫ π/2

θ=0

∫ R

ρ=0

ρ2 cos θdρdθ −
∫ π/2

θ=0

∫ R

ρ=0

2ρ2 sin θdρdθ

)

=
a2b

3
− 2b2a

3
−

(
R3

3
− 2

R3

3

)
=

ab

3
(a− 2b) +

R3

3

b' trìpoc1: MporoÔme na upologÐsoume to olokl rwma efarmìzontac kat�llhla to
je¸rhma tou Green. 'Etsi sÔmfwna me ton tÔpo tou Green èqoume

I =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∮

c

Pdx + Qdy

An epilèxoume wc kleist  kampÔlh (stp pr¸to tetarhmìrio p�nta) aut  pou apoteleÐtai apì
tic perifèreiec thc èlleiyhc kai tou kÔklou kai apì touc �xonec x = 0 kai y = 0 kai epÐshc
epilèxoume P = y2 − xy kai Q = 0 ja èqoume

I =

∫

D

∫ (
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫

D

∫
(x− 2y)dxdy =

∮

c

(y2 − 2x)dx

1Η λύση αυτή απαιτεί τη γνώση του θεωρήματος Green το οποίο παρουσιάζεται στο 5ο Κεφάλαιο. Ο
αναγνώστης μπορεί να παραλείψει αρχικά την παρακάτω λύση και να επανέλθει αφού κατανοήσει το θεώρημα
του Green
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H kampÔlh p�nw sthn opoÐa upologÐzetai to olokl rwma perilamb�nei tic ce, cc ,x = 0 kai
y = 0. Profan¸c ìmwc ta oloklhr¸mata stouc �xonec x = 0 kai y = 0 den suneisfèroun
afoÔ h posìthta P mhdenÐzetai p�nw se autèc. Apomènei o uplogismìc p�nw stic peeifèreic
th èlleiyhc kai tou kÔklou. Epilègoume antÐstoiqa tic parak�tw parametropoi seic

ce : x = a cos θ, y = b sin θ, 0 ≤ θ ≤ π

2

cc : x = R cos θ, y = R sin θ, 0 ≤ θ ≤ π

2

Ja èqoume t¸ra

I =

∮

c

(y2 − 2x)dx =

∫

ce

(y2 − 2x)dx +

∫

cc

(y2 − 2x)dx

=

∫ π/2

θ=0

(
b2 sin2 θ − ab cos θ sin θ

)
(−a sin θ)dθ

+

∫ 0

θ=−π/2

(
R2 sin2 θ − 2R2 cos θ sin θ

)
(−R sin θ)dθ

= −2b2a

3
+

a2b

3
+

(
−R3

3
+

2R3

3

)
=

ab

3
(a− 2b) +

R3

3

'Askhsh 6. Na upologisteÐ o ìgkoc tou stereoÔ pou orÐzetai apì tic
epif�neiec x2 + y2 − 2x = 0, z = x, z ≥ 0
LÔsh: O ìgkoc tou stereoÔ entopÐzetai sto eswterikoÔ tou kulÐndrou x2 + y2 − 2x =
0 → (x − 1)2 + y2 = 1 o opoÐoc perikleÐetai apì tic epif�neiec z1 = z = 0 (apì k�tw) kai
z2 = z = x (apì p�nw). Profan¸c h probol  tou tìpou, D sto epÐpedo xy eÐnai o kuklikìc
dÐskoc (x− 1)2 + y2 = 1. Ja èqoume sunep¸c

V =

∫

D

∫
(z2 − z1)dxdy =

∫

D

∫
xdxdy

'Enac kat�llhloc metasqhmatismìc se polikèc suntetagmènec eÐnai o ex c

x = 1 + ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ

me profan  ìria
0 ≤ ρ ≤ 1, 0 ≤ θ ≤ 2π

O ìgkoc sunep¸c ja dÐnetai apo to diplì olokl rwma

V =

∫

D

∫
xdxdy =

∫

G

∫
(1 + ρ cos θ)ρdρdθ

=

∫ 2π

θ=0

dθ

∫ 1

ρ=0

ρdρ +

∫ 2π

θ=0

cos θdθ

∫ 1

ρ=0

ρ2dρ = π + 0 = π

Upìdeixh: MporoÔme na qrhsimopoi soume kai ton parak�tw metasqhmatismì se polikèc
suntetagmènec

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ
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ìpou se aut n th perÐptwsh ta ìria den eÐnai profan  kai upologÐzontai wc ex c
a) Apì thn exÐswsh tou kuklikoÔ dÐskou kai apait¸ntac 0 ≤ (x− 1)2 + y2 ≤ 1 ja èqoume
0 ≤ ρ ≤ 2 cos θ kai epÐshc
b) apait¸ntac ρ = 2 cos θ = 0 ja èqoume θ = ±π

2
kai �ra −π

2
≤ θ ≤ π

2

To olokl rwma plèon gÐnetai

V =

∫

D

∫
xdxdy =

∫

G

∫
(ρ cos θ)ρdρdθ =

∫ π/2

θ=−π/2

dθ

∫ 2 cos θ

ρ=0

ρ2dρ

=

∫ π/2

θ=−π/2

1

3
(2 cos θ)3 cos θdθ =

8

3

∫ π/2

θ=−π/2

cos4 θdθ =
8

3

3π

8
= π

'Askhsh 7. Na upologisjeÐ, me thn qr sh diploÔ oloklhr¸matoc, o

ìgkoc tou elleiyoeidoÔc
x2

a2
+

y2

b2
+

z2

c2
= 1, (a, b, c > 0) .

LÔsh: O ìgkoc pou prèpei na upologisteÐ eÐnai to dipl�sio tou ìgkou pou brÐsketai sthn
perioq  z ≥ 0. H probol  epÐshc tou elleiyoeidoÔc sto epÐpedo xy ja eÐnai h èlleiyh
x2

a2
+

y2

b2
= 1. O ìgkoc pou jèloume na upologÐsoume perikleÐetai t¸ra apì tic epif�neiec

z1 = z = 0 (apì k�tw) kai z2 = c

√
1− x2

a2
− y2

b2
(apì p�nw) kai o zhtoÔmenoc ìgkoc ja

dÐnetai apo to diplì olokl rwma

V = 2

∫

D

∫
(z2 − z1)dxdy = 2

∫

D

∫
c

√
1− x2

a2
− y2

b2
dxdy

O tìpoc olokl rwshc D eÐnai h h èlleiyh
x2

a2
+

y2

b2
= 1 kai qrhsimopoi¸ntac thn parak�tw

metatrop  se polikèc suntetagmènec

x = aρ cos θ, y = bρ sin θ, dxdy = abρdρdθ

me ìria
0 ≤ ρ ≤ 1, 0 ≤ θ ≤ 2π

ja èqoume

V = 2

∫

D

∫
c

√
1− x2

a2
− y2

b2
dxdy = 2c

∫ 2π

θ=0

∫ 1

ρ=0

√
1− ρ2abρdρdθ

= 2abc

∫ 2π

θ=0

dθ ·
∫ 1

ρ=0

√
1− ρ2ρdρ = 2abc · 2π · 1

3
=

4abcπ

3

Upìdeixh: O ìgkoc tou parap�nw elleiyoeidoÔc mporeÐ na upologisteÐ eÔkola me triplì
olokl rwma kai metatrop  se sfairikèc suntetagmènec. O upologismìc tou ja gÐnei sto 4o
Kef�laio.
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0.2 TRIPLA OLOKLHRWMATA
'Askhsh 1. Na upologisteÐ to olokl rwma

I =

∫ ∫ ∫

V

√
x2 + y2 + z2 dxdydz

ìpou V eÐnai o ìgkoc o opoÐoc perikleÐetai apì thn epif�neia tou kulÐn-
drou z =

√
x2 + y2 kai tou epipèdou z = 3.

LÔsh: Ja upologÐsoume to olokl rwma k�nontac metatrop  se kulindrikèc suntetagmènec
ìpou

x = ρ cos θ, y = ρ sin θ, z = z, dxdydz = ρdρdzdθ

To olokl rwma t¸ra gr�fetai

I =

∫ ∫ ∫

VG

√
ρ2 + z2 ρdρdzdθ

'Opwc faÐnetai apì to sq ma ta ìria tou ρ eÐnai 0 <= ρ <= z kai epÐshc antÐstoiqa gia to
z kai thn gwnÐa θ eÐnai 0 < z < 3 kai 0 < θ < 2π. Sunep¸c to olokl rwma gr�fetai

I =

∫ 2π

θ=0

∫ 3

z=0

∫ z

ρ=0

√
ρ2 + z2 ρdρdzdθ

To olokl rwma wc proc ρ dÐnei

Iρ =

∫ z

ρ=0

√
ρ2 + z2 ρdρ =

1

3

[
(ρ2 + z2)3/2

]z

ρ=0
=

z3

3
(2
√

2− 1)

To olokl rwma I, kai afou dipist¸noume ìti oi metablhtèc olokl rwshc z kai θ eÐnai
anex�rthtec, upologÐzetai wc exeÐc

I =
1

3
(2
√

2− 1)

∫ 2π

θ=0

dθ ·
∫ 3

z=0

z3dz =
1

3
(2
√

2− 1)2π
81

4
=

27π(2
√

2− 1)

2

'Askhsh 2. Na upologisteÐ o ìgkoc tou stereoÔ pou perikleÐetai metaxÔ
twn suntetagmènwn epipèdwn kai to epÐpedo x + 2y + 3z = 4 gia x, y, z ≥ 0

LÔsh: O ogkoc tou stereoÔ upologÐzetai apì to olokl rwma

IV =

∫ ∫ ∫

V

dxdydz

afoÔ kajoristoÔn ta ìria olokl rwshc. O ìgkoc perib�lletai apì tic epif�neiec z = 0 kai
z = 1

3
(4 − x − 2y) kai epÐshc prob�lletai sto epÐpedo Oxy sthn trigwnik  epif�neia Dxy

pou perikleÐetai apì tic eujeÐec x = 0, y = 0 kai x + 2y = 4. To olokl rwma sunep¸c
gÐnetai

IV =

∫ ∫

Dxy

(∫ 1
3
(4−x−2y)

z=0

dz

)
dxdy =

∫ ∫

Dxy

1

3
(4− x− 2y) dxdy
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To diplì olokl rwma p�nw sthn epif�neia Dxy pou prokÔptei, upologÐzetai jewr¸ntac ìti
ta ìria tou y kai tou x eÐnai antÐstoiqa (an epilèxoume fusik� pr¸ta thn olokl rwsh wc
proc y) 0 < y < (4− x)/2 kai 0 < x < 4, dhlad  eÐnai

IV =
1

3

∫ 4

x=0

(∫ (4−x)/2

y=0

(4− x− 2y) dy

)
dx

=
1

3

∫ 4

x=0

(4− 2x +
x2

4
)dx =

1

3

16

3
= 16

'Askhsh 3. Na brejeÐ o ìgkoc tou stereoÔ pou perikleÐetai apì ta epÐpe-
da y + z = 4, x = 0, z = 0 kai ton kÔlindro y = x2.
LÔsh: O zhtoÔmenoc ìgkoc faÐnetai sto sq ma.. O ìgkoc autìc perikleÐetai par�pleura
apì tic epif�neiec x = 0 kai y = x2, apì p�nw apì thn epif�neia z = 4 − y kai apì k�tw
apì thn epif�neia z = 0. H probol  tou ìgkou sto epÐpedo xy eÐnai tìpoc D o opoÐoc
perib�lletai apì tic kampÔlec x = 0, y = 4 kai y = x2. O zhtoÔmenoc ìgkoc upologÐzetai
apo to triplì olokl rwma

I =

∫ ∫

D

∫
dxdydz =

∫

D

∫ (∫ z=4−y

z=0

dy

)
dxdy =

∫

D

∫
(4− y)dxdy

=

∫ 2

x=0

(∫ 4

y=x2

(4− y)dy

)
dx =

∫ 2

x=0

(
8− 4x2 +

x4

2

)
dx =

128

15

'Askhsh 4. Na upologisteÐ o ìgkoc tou elleiyoeidoÔc

x2

a2
+

y2

b2
+

z2

c2
= 1

LÔsh: Gia ton upologismì tou ìgkou ja qrhsimopoi soume tic parak�tw sfairikèc sun-
tetagmènec

x = ar cos φ sin θ, y = br sin φ sin θ, z = cr cos θ, dV = abcr2 sin θdrdφdθ

me ta antÐstoiqa ìria

0 ≤ x2

a2
+

y2

b2
+

z2

c2
≤ 1 ⇒ 0 ≤ r ≤ 1, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π

O ìgkoc upologÐzetai wc ex c

I =

∫ ∫

V

∫
dV =

∫ ∫

G

∫
abcr2 sin θdrdφdθ

= abc

∫ 1

r=0

r2dr ·
∫ π

θ=0

sin θdθ ·
∫ 2π

φ=0

dφ = abc · 1

3
· 2 · 2π =

4π

3
abc

'Askhsh 5. Na brejeÐ o ìgkoc tou stereoÔ pou perikleÐetai apì to
paraboloeidèc x2 + y2 = 4z kai to epÐpedo z = y + 3.
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LÔsh: O ìgkoc pou jèloume na upologÐsoume faÐnetai sto sq ma... PerikleÐetai apì k�tw

apì thn epif�neia z1 =
x2 + y2

4
kai apì p�nw apì thn z2 = y + 3. H probol  tou parap�nw

ìgkou sto epÐpedo xy perikleÐetai apì thn kampÔlh ekeÐnh pou prokÔptei apì thn apaleif 
tou z an�mesa stic dÔo parap�nw epif�neiec kai eÐnai o kuklikìc dÐskoc x2 + (y− 2)2 = 42.
O ìgkoc upologÐzetai t¸ra apì to olokl rwma

V =

∫ ∫

V

∫
ddxdydz =

∫

D

∫ (∫ y+3

z=x2+y2

4

dz

)
dxdy

=

∫

D

∫ (
y + 3− x2 + y2

4

)
dxdy

Gia ton upologismì tou parap�nw diploÔ oloklhr¸matoc ja qrhsimopoi soume tic parak�tw
polikèc suntetagmènec

x = ρ cos θ, y = 2 + ρ sin θ, dxdy = ρdρdθ

me ìria
0 ≤ ρ ≤ 4, 0 ≤ θ ≤ 2π

T¸ra ja èqoume

V =

∫

G

∫ (
5 + ρ sin θ − 1

4
(ρ2 + 4 + 4ρ sin θ)

)
ρdρdθ

=

∫

G

∫ (
4− ρ2

4

)
ρdρdθ =

∫ 2π

θ=0

dθ ·
∫ 4

ρ=0

(
4− ρ2

4

)
ρdρ

= 2π · 16 = 32π

'Askhsh 6. Na upologisjeÐ me tripl  olokl rwsh o ìgkoc tou stereoÔ
pou perikleÐetai apì tic epif�neiec

x2 + y2 + z2 = 1, x2 + y2 + z2 = 16, z2 = x2 + y2, z > 0

LÔsh: Epeid  o ìgkoc pou jèloume na upologÐsoume eÐnai tm ma sfaÐrac eÐnai protimìtero
na qrhsimopoi soume sfairikèc suntetagmènec ìpou

x = r cos φ sin θ, y = r sin φ sin θ, z = r cos θ, dV = r2 sin θdrdφdθ

Ta ìria twn metablht¸n ρ kai φ eÐnai profan , dhlad 

1 ≤ r ≤ 4, 0 ≤ φ ≤ 2π.

Ta ìria thc gwnÐac θ upologÐzontai wc ex c: To mègisto thc gwnÐac θ antistoiqeÐ sthn

gwnÐa a tou k¸nou h opoÐa dÐnetai apì thn sqèsh tan a =
ρ

z
=

√
x2 + y2

z
= 1 → a =

π

4
.
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Sunep¸c 0 ≤ θ ≤ π
4
O ìgkoc upologÐzetai plèon apì to olokl rwma

V =

∫ ∫

V

∫
dV =

∫ ∫

G

∫
r2 sin θdrdφdθ

=

∫ 4

r=1

r2dr ·
∫ π/4

θ=0

sin θdθ ·
∫ 2π

φ=0

dφ

= 21 ·
(

1−
√

2

2

)
· 2π = 21π(4−

√
2)

'Askhsh 7. Na upologisjeÐ to olokl rwma

I =

∫ ∫

V

∫ √
x2 + y2dxdydz

ìpou h stere� perioq  V perikleÐetai apì tic epif�neiec x2 + y2 = ax kai
z2 = x2 + y2.

LÔsh: O zhtoÔmenoc tìpoc olokl rwshc, ìpwc faÐnetai sto sq ma.., perikleÐetai pl�gia

apì thn kulndrik  epif�neia x2 + y2 = ax → (x − a

2
)2 + y2 =

(a

2

)2

, apì k�tw apì thn

epif�neia z = 0 kai apì p�nw apì thn z =
√

x2 + y2. H probol  tou ìgkou sto epÐpedo xy

eÐnai o kuklikìc dÐskoc (x− a

2
)2 + y2 =

(a

2

)2

. To olokl rwma t¸ra gÐnetai

I =

∫ ∫

V

∫ √
x2 + y2dxdydz =

∫

D

∫ (∫ √
x2+y2

z=0

√
x2 + y2dz

)
dxdy

=

∫

D

∫
(x2 + y2)dxdy

Gia ton upologismì tou diploÔ oloklhr¸matoc ja qrhsimopoi soume polikèc suntetagmènec
ìpou

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ

me antÐstoiqa ìria

0 ≤ x2 + y2 ≤ ax → 0 ≤ ρ ≤ a cos θ, 0 ≤ θ ≤ 2π

T¸ra to olokl rwma gÐnetai

I =

∫

D

∫
(x2 + y2)dxdy =

∫

G

∫
ρ2ρdρdθ =

∫ 2π

θ=0

(∫ a cos θ

ρ=0

ρ3dρ

)
dθ

=
a4

4

∫ 2π

θ=0

cos4 θdθ =
3πa4

16

'Askhsh 8. Na upologisteÐ o ìgkoc tou stereoÔ pou orÐzetai exwterik�
tou k¸nou x2 + y2 = z2 kai eswterik� thc sfaÐrac x2 + y2 + z2 = 2.

LÔsh: O ìgkoc pou jèloume na upologÐsoume eÐnai, lìgw summetrÐac, to dipl�sio tou
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ìgkou pou up�rqei sthn perioq  z ≥ 0. 'Etsi ja ergastoÔme se aut  thn perioq  kai o
sunolikìc ìgkoc ja antistoiqeÐ sto dipl�sio autoÔ tou ìgkou. Epeid  o ìgkoc pou jèloume
na upologÐsoume eÐnai tm ma sfaÐrac eÐnai protimìtero na qrhsimopoi soume sfairikèc sun-
tetagmènec ìpou

x = r cos φ sin θ, y = r sin φ sin θ, z = r cos θ, dV = r2 sin θdrdφdθ

Ta ìria twn metablht¸n r kai φ eÐnai profan , dhlad 

1 ≤ r ≤
√

2, 0 ≤ φ ≤ 2π.

Ta ìria thc gwnÐac θ upologÐzontai wc ex c: To el�qisto (sthn perioq  tou ìgkou pou mac
endiafèrei) thc gwnÐac θ antistoiqeÐ sthn gwnÐa a tou k¸nou h opoÐa dÐnetai apì thn sqèsh

tan a =
ρ

z
=

√
x2 + y2

z
= 1 → a =

π

4
. Sunep¸c π

4
≤ θ ≤ π O ìgkoc upologÐzetai plèon

apì to olokl rwma

V =

∫ ∫

V

∫
dV =

∫ ∫

G

∫
r2 sin θdrdφdθ

=

∫ √
2

r=0

r2dr ·
∫ π

θ=π/4

sin θdθ ·
∫ 2π

φ=0

dφ

=
22/3

3
·
√

2

2
· 2π =

4π

3

O sunolikìc ìgkoc ja eÐnai Vall = 2V =
8π

3
.

'Askhsh 9. Na upologisteÐ me efarmog  tou jewr matoc tou Green to
olokl rwma

I =

∮

c

−y

x2 + y2
dx +

x

x2 + y2
dy

ìpou c perifèreia èlleiyhc me exÐswsh x2 + 4y2 = 4

LÔsh: Epeid  oi sunart seic

P =
−y

x2 + y2
, Q =

x

x2 + y2

orÐzontai pantoÔ sto epÐpedo 0xy ektìc apì to shmeÐo 0, 0 o tìpoc D pou perib�lletai apì
thn èlleiyh eÐnai enac pollapl� sunektikìc tìpoc. ParathroÔme epÐshc ìti isqÔei

∂Q

∂x
=

∂P

∂y
=

y2 − x2

(x2 + y2)2
.

Etsi sÔmfwna me thn jewrÐa twn pollapl� sunektik¸n tìpwn stouc opoÐouc isqÔei h para-
p�nw sqèsh mporoÔme na upologÐsoume to kleistì epikampÔlio olokl rwma kata m koc
opoisdhpote kleisthc gramm c pou perièqei to shmeÐo 0, 0. Epilègoume gia par�deigma na
to upologÐosume kata m koc thc perifèreiac tou kÔklou x2 + y2 = a2.

Etsi, k�nontac thn parametropo sh tou kÔklou se polikèc suntetagmènec ja èqoume

x = a cos θ, y = a sin θ
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kai epÐshc

P =
−a sin θ

a2
, Q =

a cos θ

a2

. To olokl rwma twra ja gr�fetai

I =

∫ 2π

0

[−a sin θ

a2
(−a sin θ) +

a cos θ

a2
(a cos θ)

]
dθ =

∫ 2π

0

= 0

0.3 EPIKAMPULIA OLOKLHRWMATA
'Askhsh 1. An c eÐnai h perifèreia x2 + y2 = a2, na upologisteÐ to olok-
l rwma

∮ −x2ydx + xy2dy

a) kat' eujeÐan

b) efarmìzontac ton tÔpo tou Green

LÔsh:
a) H perifèreia tou kÔklou mporeÐ na parametropoihjeÐ me ton gnwstì trìpo wc exeÐc

x = a cos t, y = a sin t, ẋ = −a sin t, ẏ = a cos t, 0 <= t <= 2π

kai sunep¸c to olkl rwma gr�fetai

I =

∮
−x2ydx + xy2dy

=

∫ t=2π

t=0

[−(a cos t)2(a sin t)(−a sin t) + (a cos t)(a sin t)2(a cos t)
]
dt

= 2a4

∫ t=2π

t=0

cos2 t sin2 tdt =
a4

2

∫ t=2π

t=0

sin2(2t)dt

=
a4

4

∫ 4π

x=0

sin2(x)dx =
a4

4
2π =

πa4

2

b) Oi sunart seic P (x, y) = −x2y kai Q(x, y) = xy2 eÐnai suneqeÐc me suneqeÐc merikèc
parag¸gouc kai epÐshc

∂P

∂y
= −x2,

∂Q

∂x
= y2

. Efarmìzontac to je¸rhma tou Green sthn kleist  kampÔlh c pou perib�lei thn epif�neia
kuklikoÔ dÐskou me aktÐna a ja èqoume

I =

∮
−x2ydx + xy2dy =

∫ ∫

Dxy

(
∂(xy2)

∂x
− ∂(−x2y)

∂y

)
dxdy

=

∫ ∫

Dxy

(y2 + x2)dxdy =

∫

t=0,2π

∫ a

ρ=0

ρ2dρdt

=

∫ a

ρ=0

ρ3dρ

∫ 2π

t=0

dt =
πa4

2
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Sto parap�nw olokl rwma efarmìsame metatrop  se polikèc suntegmènec, dhlad 

x = ρ cos t, y = ρ sin t, dxdy = ρdρdt

'Askhsh 2. Na upologisteÐ to olokl rwma

I =

∮ −ydx + xdy

x2 + y2

a) kat� m koc thc perimètrou tou trig¸nou ABΓ me korufèc ta shmeÐa
A(1, 1), B(1,−1) kai Γ(3, 0)

b) kat� m koc thc perifèreiac x2 + y2 = a2

g) kat� m koc thc perifèreiac x2 + y2 + 4x + 3 = 0

LÔsh:
a) Oi sunart seic

P =
−y

x2 + y2
, Q =

x

x2 + y2

orÐzontai pantoÔ sto eswterikì tou trig¸nou ABG. Subep¸c mporoÔme na efarmìsoume to
je¸rhma Green. Epiplèon èqoume

∂Q

∂x
=

∂P

∂y
=

y2 − x2

(x2 + y2)2

Sunep¸c eÐnai

I =

∮ −ydx + xdy

x2 + y2
=

∫ ∫

Dxy

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫ ∫

Dxy

0 = 0

b) Sto eswterikì tou kuklikoÔ dÐskou up�rqei to shmeÐo (x, y) = (0, 0) ìpou oi sunart -
seic P kai Q den orÐzonontai. Sthn perÐptwsh aut  den mporoÔme na egarmìzoume to
Je¸rhma tou Green kai prèpei na upologÐsoume to epikampÔlio olokl rwma. Epeid  t¸ra
sumbaÐnei na eÐnai ∂Q

∂x
= ∂P

∂y
mporoÔme na epilèxoume opoiad pote kleist  kampÔlh pou per-

ièqei ìmwc to an¸malo shmeÐo (x, y) = (0, 0). H perifèreia tou kÔklou x2 + y2 = a2 eÐnai
mia dunat  perÐptwsh kai eÐnai apì tic protimìterec exaiteÐac thc eÔkolhc parametropoÐshc
thc all� ìpwc ja doume kai parak�tw thc aplopoÐhshc twn sunart sewn P kai Q. 'Etsi
ja èqoume

x = a cos t, y = a sin t, ẋ = −a sin t, ẏ = a cos t, 0 <= t <= 2π

kai sunep¸c to olokl rwma gr�fetai

I =

∮ −ydx + xdy

x2 + y2
=

∫ 2π

t=0

(−(a sin t)

a2
(−a sin t) +

(a cos t)

a2
(a cos t)

)
dt

=

∫ 2π

t=0

(sin2 t + cos2 t)dt =

∫ 2π

t=0

dt = 2π
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g) H kampÔlh x2+y2+4x+3 = 0 gr�fetai epÐshc (x+2)2+y2 = 1 parist�nei perifèreia
kÔklou aktÐnac 1 me kèntro to shmeÐo (x, y) = (−2, 0). 'Opwc eÔkola diapist¸noume o
parap�nw kuklokìc dÐskoc perièqei to an¸malo shmeÐo (x, y) = (0, 0). Me dodomèno ìmwc
ìti isqÔei ∂Q

∂x
= ∂P

∂y
mporoÔme na epilèxoume opoiad pote kleist  kampÔlh pou perièqei to

shmeÐo (x, y) = (0, 0). Mia tèteia kampÔlh eÐnai h perifèreia x2 + y2 = a2 thc perÐptwshc
b). Sunep¸c to olokl rwma ja eÐnai

∮

c:x2+y2+4x+3=0

−ydx + xdy

x2 + y2
=

∮

c:x2+y2=a2

−ydx + xdy

x2 + y2
= 2π

'Askhsh 3. UpologÐste to olokl rwma

I =

∮
(2xy − x2)dx + (x + y2)dy

ìpou c eÐnai h kleist  kampÔlh pou sqhmatÐzetai apì tic parabolèc y = x2

kai x = y2.

LÔsh: Oi sunart seic P (x, y) = 2xy − x2 kai Q(x, y) = x + y2 tou parap�nw
oloklhr¸matoc plhroÔn tic proupojèseic tou jewr matoc Green kai epiplèon èqoume ∂Q

∂x
=

1 kai ∂P
∂y

= 2x. To epikampÔlio olokl rwa metatrèpetai se èna diplì olokl rwma me tìpo
olkl rwshc Dxy thn perioq  pou perib�lletai apo tic parabolèc y = x2 kai x = y2 kai
sunep¸c me ìria 0 < x < 1, x2 < y <

√
x. 'Etsi ja èqoume

I =

∫ ∮
(2xy − x2)dx + (x + y2)dy =

∫ ∫

Dxy

(
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫ x=1

x=0

(∫ √
x

y=x2

(1− 2x)dy

)
dx =

∫ x=1

x=0

(x1/2 − x2 − 2x3/2 + 2x5/2)dx

=
11

105

'Askhsh 4. Na epalhjeuteÐ o tÔpoc tou Green gia to olokl rwma

I =

∮
(x2 − xy3)dx + (y2 − 2xy)dy

ìpou c eÐnai to tetr�gwno me korufèc ta shmeÐa O(0, 0), A(2, 0), B(2, 2),
Γ(0, 2).

LÔsh: Gia na epalhjeÔsoume to je¸rhma tou Green prèpei na upologÐsoume to
epikampÔlio olokl rwma kai to antÐstoiqo diplì olokl rwma kai na broÔme thn Ðdia tim 
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a)To epikampÔlio olokl rwma kata m koc tou tetrag¸nou ABGD gr�fetai

I =

∮

c:OABΓO

(x2 − xy3)dx + (y2 − 2xy)dy

=

∫

c:O→A

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:A→B

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:B→Γ

(x2 − xy3)dx + (y2 − 2xy)dy

+

∫

c:Γ→O

(x2 − xy3)dx + (y2 − 2xy)dy

Epeid  h kÐnhsh perimetrik� tou tetrag¸nou gÐnetaa parr�llhla twn axìnwn Ox kai Oy
mporoÔme eukola na upologÐsoume ta parap�nw oloklhr¸mata jewr¸ntac gia par�deigma
ìti kat� m koc tou �xona Ox h metablht  y paramènei stajer  kai metab�lletai mìno h x.
Etsi ja èqoume

I =

∫

c:O→A

(x2 − xy3)dx +

∫

c:A→B

(y2 − 2xy)dy

+

∫

c:B→Γ

(x2 − xy3)dx +

∫

c:Γ→O

(y2 − 2xy)dy

=

∫ 2

x=0

(x2 − x(0)3)dx +

∫ 2

y=0

(y2 − 2(2)y)dy

+

∫ 0

x=2

(x2 − x(2)3)dx +

∫ 0

y=2

(y2 − 2(0)y)dy

=
8

3
− 16

3
+

40

3
− 8

3
= 8

b) Lamb�nontac upìyh ìti

P (x, y) = x2 − xy3, Q(x, y) = y2 − 2xy

kai epÐshc ìti

∂P

∂y
= −3xy2,

∂Q

∂x
= −2y,

∂Q

∂x
− ∂P

∂y
= −2y + 3xy2

to epikampÔlio olokl rwma gr�fetai sÔmfwna me to je¸rhma Green

I =

∮
(x2 − xy3)dx + (y2 − 2xy)dy =

∫ ∫

Dxy

(
∂Q

∂x
− ∂P

∂y

)
dxdy

=

∫ 2

x=0

(∫ 2

y=0

(−2y + 3xy2)dy

)
dx =

∫ 2

x=0

(−4 + 8x)dx = 8

'Askhsh 5. DÐnetai h parabol  y = x2 kai h eujeÐa y = x + 2. Na brejeÐ
to embadìn tou tìpou pou orÐzetai apo thn tom  touc me th qr sh tou
epikampÔliou oloklhr¸matoc tou Green
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LÔsh: To embadìn, ìpwc eÐnai gnwstì apì thn jewrÐa, dÐnetai apì thn sqèsh

S =
1

2

∫

c

−ydx + xdy

Sto sugkekrimèno prìblhma to sÔnoro tou tìpou, tou opoÐou jèloume na upologÐsoume to
embadìn, apoteleitai apì dÔo diaforetikèc kampÔlec kai sunepwc mporoume na gr�youme

S = S1 + S2 =
1

2

∫

c1

−ydx + xdy +
1

2

∫

c2

−ydx + xdy

Analutik� ja èqoume, epilègontac thn orj  for� diagraf c tou sunìrou
c1 : H kampÔlh c1 parametropoi tai wc exeÐc

c1 = {x = t, y = t2, −1 ≤ t ≤ 2}

kai sunep¸c ja èqoume

S1 =
1

2

∫

c1

−ydx + xdy =
1

2

∫ t=2

t=−1

(
−y

dx

dt
+ x

dx

dt

)
dt

=
1

2

∫ t=2

t=−1

(−t2(1) + t(2t)
)
dt =

1

2

∫ t=2

t=−1

t2dt =
3

2

c2 : H kampÔlh c2 parametropoi tai wc exeÐc

c2 = {x = t, y = t + 2, 1 ≤ t ≤ −2}

kai sunep¸c ja èqoume

S1 =
1

2

∫

c1

−ydx + xdy =
1

2

∫ t=−2

t=1

(
−y

dx

dt
+ x

dx

dt

)
dt

=
1

2

∫ t=−2

t=1

(−(t + 2)(1) + t(1)) dt =
1

2

∫ t=1

t=0

−2dt = 3

Sunolik� sunep¸c ja èqoume

S = S1 + S2 =
3

2
+ 3 =

9

2

'Askhsh 6. Na upologisjeÐ me th bo jeia kat�llhlwn epikampÔliwn
oloklhrwm�twn to embadì tou tìpou:

Dxy =

[
(x, y) ∈ R2 : x2 + y2 ≤ 52,

x2

42
+

y2

32
≥ 1

]

LÔsh: To embadìn pou jèloume na upologÐsoume ja eÐnai S = S1 − S2 ìpou S1 to
embadìn tou kuklikoÔ dÐskou kai S2 to embadìn thc èlleiyhc.
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Embadìn S1: Efarmìzontac ton tÔpo tou Green gnwrÐzoume ìti

S1 =
1

2

∮
−ydx + xdy

H parametropoÐhsh thc perifèreiac tou kuklikoÔ dÐskou ja eÐnai

x = 5 cos t, y = 5 sin t, 0 ≤ t ≤ 2π

sunep¸c ja eÐnai

S1 =

∫ 2π

t=0

(
(−5 sin t)(−5 sin t) + (5 cos t)(5 cos t)

)
dt

=
1

2

∫ 2π

t=0

25dt = 25π

Embadìn S2: To embadìn S2 ja dÐnetai epÐshc apì ton tÔpo

S2 =
1

2

∮
−ydx + xdy

H parametropoÐhsh thc perifèreiac thc èlleiyhc ja eÐnai

x = 4 cos t, y = 3 sin t, 0 ≤ t ≤ 2π

sunep¸c ja eÐnai

S1 =

∫ 2π

t=0

(
(−3 sin t)(−4 sin t) + (4 cos t)(3 cos t)

)
dt

=
1

2

∫ 2π

t=0

12dt = 12π

Sunep¸c sunolik� ja eÐnai
S = S1 − S2 = 25π − 12π = 13π.

'Askhsh 7. DÐnetai to olokl rwma

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy

ìpou A(1, 0) kai B(2, 1)
a) Na deiqjeÐ ìti h tim  tou oloklhr¸matoc eÐnai anex�rthth apì thn

kampÔlh pou en¸nei ta A kai B
b) Na brejeÐ mÐa sun�rthsh U = U(x, y) tètoia ¸ste

dU = (2xy − y4 + 3)dx + (x2 − 4xy3)dy

g) Na upologisjeÐ h tim  tou oloklhr¸matoc I

LÔsh:
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a) ArkeÐ na deÐxoume ìti ∂Q
∂x

= ∂P
∂y

. Pr�gmati èqoume efìson

P (x, y) = 2xy − y4 + 3, Q(x, y) = x2 − 4xy3

ìti
∂Q

∂x
=

∂P

∂y
= 2x− 4y3

b) Efìson, ìpwc deÐxame parap�nw, to olokl rwma eÐnai anexarthto tou drìmou ja
up�rqei sun�rthsh U(x, y) tèteia ¸ste dU = (2xy − y4 + 3)dx + (x2 − 4xy3)dy. Epiplèon
epeid  genikìtera eÐnai

dU(x, y) =
∂U

∂x
dx +

∂U

∂y
dy

sumperaÐnoume ìti
∂U

∂x
= 2xy − y4 + 3,

∂U

∂y
= x2 − 4xy3

Ja èqoume t¸ra

∂U

∂x
= 2xy − y4 + 3 ⇒ U =

∫
(2xy − y4 + 3)dx = yx2 − xy4 + 3x + C(y)

⇒ ∂U

∂y
= x2 − 4xy3 +

∂C(y)

∂y

SugkrÐnontac thn parap�nw sqèsh me thn  dh up�rqousa ja prèpei na eÐnai

∂C(y)

∂y
= 0

dhlad  h sun�rthsh C eÐnai mia aujaÐreth stajer�. 'Ara ja èqoume U(x, y) = yx2 − xy4 +
3x + C.

H sun�rthsh U(x, y) mporeÐ na upologisteÐ enallaktik� apì to parak�tw olokl rwma

U(x, y) =

∫ B(x,y)

A(1,0)

(2x′y′ − y′4 + 3)dx′ + (x′2 − 4x′y′3)dy′ + C

jewr¸ntac to endi�meso shmeÐo K(x, 0). 'Etsi ja èqoume

U(x, y) =

∫ B(x,y)

A(1,0)

(2x′y′ − y′4 + 3)dx′ + (x′2 − 4x′y′3)dy′ + C

=

∫ K(x,0)

A(1,0)

(2x′(0)− (0)4 + 3)dx′

+

∫ B(x,y)

K(x,0)

(x2 − 4xy′3)dy′ = 3x + yx2 − xy4 + C

g) To olokl rwma gr�fetai epÐshc

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy

=

∫ B

A

dU(x, y) = U(xB, yB)− U(xA, yA)

= (1)(2)2 − (2)(1)4 + 3(2) + C − ((0)(1)2 − (1)(0)4 + 3(1) + C) = 5
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To parap�nw olokl rwma mporeÐ na upologisteÐ enallaktik� jewr¸ntac to endi�meso
shmeÐo K(2, 0). To olokl rwma ja gr�fetai plèon

I =

∫ B

A

(2xy − y4 + 3)dx + (x2 − 4xy3)dy

=

∫

A→K

(2xy − y4 + 3)dx +

∫

K→B

(x2 − 4xy3)dy

=

∫ 2

x=1

(2x(0)− (0)4 + 3)dx +

∫ 1

y=0

((2)2 − 4(2)y3)dy = 3 + 2 = 5

'Askhsh 8. Na upologisteÐ to olokl rwma I =
∫

S

∫
~F · ~ηdσ, ìpou ~F =

18z~i− 12~j + 3y~k kai S h epif�neia 2x + 3y + 6z = 12 gia x, y, z ≥ 0

LÔsh: a' trìpoc: H epif�neia S p�nw sthn opoÐa jèloume na upologÐsoume to olok-
l rwma, prob�lletai sto epÐpedo xy sthn trigwnik  epif�neia Dxy pou perikleÐetai apì tic
kampÔlec x = 0, y = 0 kai 2x + 3y = 12. EpÐshc eÐnai

~η =
~∇Φ

|~∇Φ|
=

1

7
(2~i + 3~j + 6~k)

kai

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2dxdy =

7

6
dxdy

To olokl rwma t¸ra upologÐzetai wc ex c

I =

∫

S

∫
~F · ~ηdσ =

∫

Dxy

∫
(18z~i− 12~j + 3y~k)

(
1

7
(2~i + 3~j + 6~k)

)
7

6
dxdy

=

∫

Dxy

∫
(6− 2x)dxdy =

∫ 6

x=0

∫ 4 2
3
x

y=0

(6− 2x)dxdy = 24

b' trìpoc: To olokl rwma mporeÐ epÐshc na grafeÐ wc ex c

I = (±)

∫

Dyz

∫
18zdydz + (±)

∫

Dxz

∫
(−12)dxdz + (±)

∫

Dxy

∫
3ydxdy

ìpou Dyz,Dxz kai Dxy eÐnai oi probolèc thc epif�neiac S antÐstoiqa sta epÐpeda yz, xz kai
xy. Se k�je mÐa perÐptwsh oi antÐstoiqoi tìpoi kai ta antÐstoiqa prìshma ja eÐnai

Dyz = {(y, z) ∈ R2, y, z ≥ 0, 3y + 6z ≤ 12, cos α = ~η ·~i =
2

7
> 0}

Dxz = {(x, z) ∈ R2, x, z ≥ 0, 2x + 6z ≤ 12, cos β = ~η ·~j =
3

7
> 0}

Dxy = {(x, y) ∈ R2, x, y ≥ 0, 2x + 3y ≤ 12, cos γ = ~η ·~j =
6

7
> 0}
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kai to olokl rwma plèon upologÐzetai wc ex c

I =

∫ 4

y=0

∫ 2− y
2

z=0

18zdydz +

∫ 6

x=0

∫ 3−x
3

z=0

(−12)dxdz

+

∫ 6

x=0

∫ 4− 2x
3

y=0

3ydxdy = 48− 72 + 48 = 24

Upìdeixh: Prospaj ste na upologÐsete to olokl rwma efarmìzontac a) ton tÔpo tou
Gauss kai b) ton tÔpo tou Stokes

'Askhsh 9. Na upologisteÐ to kleistì olokl rwma
∫ ∫

S
(x2+y2+z2)dσ p�nw

sthn epif�neia thc sfaÐrac x2 + y2 + z2 = a2

a) Wc epiepeif�neio olokl rwma a' tÔpou

b) Me th bo jeia tou tÔpou tou Gauss

LÔsh:
a) To olokl rwma mporeÐ na upologisteÐ eÔkola p�nw sthn epif�neia thc sfaÐrac an

qrhsimopoi soume sfairikèc suntetagmènec ìpou

x = a cos φ sin θ, y = a sin φ sin θ, z = a cos θ, dσ = a2 sin θdθdφ

me ìria
0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π

'Etsi ja èqoume

I =

∫ ∫

S

(x2 + y2 + z2)dσ =

∫ ∫

G

a2a2 sin θdθdφ

= a4

∫ π

θ=0

sin θdθ ·
∫ 2π

φ=0

dφ = a4 · 2 · 2π = 4πa4

b) SÔmfwna me ton tÔpo tou Gauss èqoume
∫ ∫

S

~F · ~ηdσ =

∫ ∫ ∫

V

div ~FdV

SugkrÐnontac to pr¸to mèloc thc parap�nw sqèshc me to olokl rwma pou èqoume na up-
ologÐsoume sumperaÐnoume ìti ja prèpei h sun�rthsh ~F na ikanopoieÐ thn sqèsh ~F · ~η =
(x2 + y2 + z2). Epeid  t¸ra gia Φ(x, y, z) = x2 + y2 + z2 − a2 = 0 ja èqoume ìti

~5Φ = 2x~i + 2y~j + 2z~k, | ~5Φ |= 2a, ~η =
1

a

(
x~i + y~j + z~k

)

eÔkola sumperaÐnoumeìti ja eÐnai ~F = a
(
x~i + y~j + z~k

)
. Sunep¸c apì ton parap�nw tÔpo

tou Gauss, kai qrhsimopoi¸ntac sfairikèc suntetagmènec ja èqoume

I =

∫ ∫

S

~F · ~ηdσ =

∫ ∫ ∫

V

div ~FdV = 3a

∫ ∫ ∫

V

dxdydz

= 3a

∫ ∫ ∫

G

r2 sin θdrdθdφ = 3a

∫ a

r=0

r2dr ·
∫ π

θ=0

sin θdθ ·
∫ 2π

φ=0

dφ

= 3a
4

3
a3 · 2 · 2π = 4πa4

20



'Askhsh 10. Na brejeÐ h ro  tou dianusmatikoÔ pedÐou ~F = x~i+y~j+z2~k apì

a) To tm ma thc kulindrik c epif�neiac x2 + y2 = 4 pou apokìptetai
apì ta epÐpeda z = 0 kai z = 1

b) Apì to sÔnoro tou stereoÔ kulÐndrou x2 + y2 <= 4 pou apokìptetai
apì ta epÐpeda z = 0 kai z = 1.

LÔsh:
a) 'Eqoume na upologÐsoume to epiepeif�neio olokl rwma I =

∫ ∫
S

~F · ~ηdσ. To olok-
l rwma autì mporeÐ na upologisteÐ eÔkola qrhsimopoi¸ntac kulindrikèc suntetagmènec.
'Etsi h epif�neia tou kulÐndrou parametropoieÐtai wc exeÐc

x = 2 cos θ, y = 2 sin θ, z = z, dσ = 2dθdz

me ìria
0 ≤ θ ≤ 2π, 0 ≤ z ≤ 1

Epeid  t¸ra gia Φ(x, y, z) = x2 + y2 − 4 = 0 ja èqoume ìti

~5Φ = 2x~i + 2y~j, | ~5Φ |= 4, ~η =
1

2

(
x~i + y~j

)

to olokl rwma ja gr�fetai

I =

∫ ∫

S

~F · ~ηdσ =

∫ ∫

S

1

2

(
x2 + y2

)
dσ

=

∫ ∫

G

1

2
· 4 · 2dθdz = 4

∫ 2π

θ=0

dθ ·
∫ 1

z=0

dz = 8π

b) Sthn perÐptwsh aut  ikanopoioÔntai ta krit ria tou jewr matoc tou Gauss ìpou è-
qoume thn kleist  epif�neia S pou apoteleitai apì thn kulindrik  epif�neia kai tic epif�neiec
twn epipèdwn z = 0 kai z = 1. Ja qrhsimopoi soume kulindrikèc suntetagmènec ìpou bèbaia
eÐnai

x = ρ cos θ, y = ρ sin θ, z = z, dV = ρdρdθdz

me ìria
0 ≤ ρ ≤ 2, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ 1

'Etsi sÔmfwna me ton tÔpo tou Gauss to olokl rwma ja eÐnai

I =

∫ ∫

S

~F · ~ηdσ =

∫ ∫ ∫

V

div ~FdV

=

∫ ∫

S

(1 + 1 + 2z) dV = 2

∫ ∫

G

(1 + z) ρdρdθdz

= 2

∫ 2

ρ=0

ρdρ ·
∫ 2π

θ=0

dθ ·
∫ 1

z=0

(1 + z)dz = 2 · 2 · 2π · 3

2
= 12π

21



0.4 EPIEPIFANEIA OLOKLHRWMATA
'Askhsh 1. Na epalhjeuteÐ o tÔpoc tou Stokes gia to dianusmatikì pedÐo
~F = z~i + x~j + y~k ìpou h epif�neia S eÐnai to �nw hmisfaÐrio thc sfaÐrac
x2 + y2 + z2 = 1.

LÔsh: Ja prèpei na deÐxoume ìti

I =

∮

c

~F · d~r =

∫

S

∫
rot ~F · ~ndσ

a) Upologismìc tou epikampÔliou oloklhr¸matoc
To epikampÔlio olokl rwma gÐnetai kat� m koc thc kampÔlhc c h opoÐa brÐsketai panw

sto epÐpedo Oxy kai tautÐzetai me thn perifèreia tou kÔklou x2 + y2 = 1. Ektel¸ntac thn
parametropoÐhsh

x = cos t, y = sin t,
dx

dt
= − sin t,

dy

dt
= cos t

kai lamb�nonatc upìyh ìti kata m koc thc c eÐnai z = 0 ja èqoume

I =

∮

c

~F · d~r =

∮

c

zdx + xdy + ydz =

∫ 2π

t=0

[
z(t)

dx

dt
+ x

dy

dt
+ y

dz

dt

]
dt

=

∫ 2π

t=0

[0 · (− sin t) + cos t · (cos t) + sin t · 0] dt =

∫ 2π

t=0

cos2 tdt = π

b) Upologismìc tou epiepif�neiou oloklhr¸matoc
Lamb�nontac upìyh ìti i)

rot ~F = (1− 0)~i + (1− 0)~j + (1− 0)~k =~i +~j + ~k

ii) epÐshc ìti gia Φ(x, y, z) = x2 + y2 + z2 − 1 = 0 ja èqoume

~5Φ = 2x~i + 2y~j + 2z~k, | ~5Φ |= 2, ~η = x~i + y~j + z~k

iii) kai ìti gia z =
√

1− x2 − y2

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2 =

1

z
dxdy

ja èqoume sunolik�

I =

∫

S

∫
rot ~F · ~ndσ =

∫

Dxy

∫ (
~i +~j + ~k

)
·
(
x~i + y~j + z~k

) 1

z
dxdy

=

∫

Dxy

∫
(x + y + z)

1

z
dxdy

=

∫

Dxy

∫ (
x + y +

√
1− x2 − y2

) 1√
1− x2 − y2

dxdy
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ìpou sthn parap�nw sqèsh o tìpoc Dxy profan¸c tautÐzetai me ton kuklikì dÐsko per-
ifèreiac x2 + y2 = 1. Stic peript¸seic autèc, ìpwc sunhjÐzoume, k�noume metatrop  se
polikèc suntetagmènec kai ja èqoume sunep¸c

x = ρ cos t, y = ρ sin t, dxdy = ρdρdt

kai to olokl rwma gr�fetai plèon

I =

∫

G

∫
ρ cos t + ρ sin t +

√
1− ρ2

√
1− ρ2

ρdρdt

=

∫

G

∫
ρ cos t + ρ sin t√

1− ρ2
ρdρdt +

∫

G

∫
ρdρdt

=

∫ 1

ρ=0

∫ 2π

t=0

ρ cos t√
1− ρ2

ρdρdt +

∫ 1

ρ=0

∫ 2π

t=0

ρ cos t√
1− ρ2

ρdρdt

+

∫ 1

ρ=0

∫ 2π

t=0

ρdρdt = 0 + 0 + π = π

Sunep¸c to je¸rhma tou Stokes epalhjeÔthke.

'Askhsh 2. DÐnetai h sun�rthsh ~F = 3y~i− xz~j + yz2~k kai h epif�neia S, me
exÐswsh z = (x2 + y2)/2. 'Estw c h kampÔlh pou eÐnai h tom  thc epif�neiac
S, me to epÐpedo z = 2. Na gÐnei epal jeush tou tÔpou tou Stokes

LÔsh: Ja prèpei na epalhjeÔsoume thn sqèsh
∮

c

~F · d~r =

∫

S

∫
rot ~F · ~ndσ

a) Upologismìc tou epiepeif�neiou oloklr¸matoc

(i) 'Eqoume ìti
rot ~F = (z2 + x)~i + 0~j + (−z − 3)~k,

(ii) epÐshc gia Φ(x, y, z) = z − (x2 + y2)/2 = 0

~5Φ = −x~i− y~j + ~k, | ~5Φ |=
√

x2 + y2 + 1, ~η =
−x~i− y~j + ~k√

x2 + y2 + 1

iii) kai ìti

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2 dxdy =

√
x2 + y2 + 1dxdy

23



ja èqoume sunolik�

I =

∫

S

∫
rot ~F · ~ndσ

= −
∫

Dxy

∫ (
(z2 + x)~i + 0~j + (−z − 3)~k

)
·
(
−x~i− y~j + ~k√

x2 + y2 + 1

)

×
√

x2 + y2 + 1dxdy

=

∫

Dxy

∫ (
(z2 + x)x + (z + 3)

)
dxdy

=

∫

Dxy

∫ (
(
x2 + y2

2
)2x + x2 +

x2 + y2

2
+ 3

)
dxdy

ìpou sto parap�nw olokl rwma Dxy eÐnai h probol  thc epif�neiac S sto epÐpedo Oxy kai
h opoÐa perat¸netai apì thn kleist  kampÔlh c′ pou prokÔptei apì th apaleif  tou z apì
tic exis¸seic z = (x2 + y2)/2 kai z = 2. Amèswc prokÔptei ìti prìkeitai gia perifèreia
kÔklou me exÐswsh x2 + y2 = 22. K�noume metatrop  se polikèc suntetagmènec kai ja
èqoume sunep¸c

x = ρ cos t, y = ρ sin t, dxdy = ρdρdt

kai to olokl rwma gr�fetai plèon

I =

∫

G

∫ (
ρ4

4
ρ cos t + ρ2 cos2 t +

ρ2

2
+ 3

)
ρdρdt

=

∫ 2π

t=0

∫ 2

ρ=0

ρ5

4
cos tdρdt +

∫ 2π

t=0

∫ 2

ρ=0

ρ3 cos2 tdρdt

+

∫ 2π

t=0

∫ 2

ρ=0

ρ3

2
dρdt +

∫ 2π

t=0

∫ 2

ρ=0

3ρdρdt

= 0 + 4π + 4π + 12π = 20π

b) Upologismìc tou epikampÔliou oloklhr¸matoc
EÐnai profanèc ìti h exÐswsh thc kampÔlhc c eÐnai x2 + y2 = 4, z = 2 h opoÐa se

parametrik  morf  gr�fetai

x = 2 cos t, y = 2 sin t, z = 2, t ∈ [0, 2π]

kai epÐshc eÐnai
dx

dt
= −2 sin t,

dy

dt
= 2 cos t, dz = 0

'Etsi ja èqoume t¸ra

I =

∮

c

~F · d~r =

∫ 2π

t=0

(
3(2 sin t)(−2 sin t)− 2 cos t2(2 cos t) + 2 sin t220

)
dt

= −
∫ 2π

t=0

(
4 sin2 t + 8

)
= −

∫ 2π

t=0

4 sin2 tdt−
∫ 2π

t=0

8dt

= −4π − 16π = −20π
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'Askhsh 3. Na epalhjeuteÐ o tÔpoc tou Stokes gia th dianusmatik 
sun�rthsh ~F = αy2~i + βz2~j + γx2~k kai thn epif�neia S ìpou eÐnai to t-
m ma thc epif�neiac tou epipèdou z = x + 1 pou apokìptei o kÔlindroc
x2 + y2 = 1.

LÔsh:
LÔsh: Ja prèpei na epalhjeÔsoume thn sqèsh

∮

c

~F · d~r =

∫

S

∫
rot ~F · ~ηdσ

a) Upologismìc tou epiepeif�neiou oloklr¸matoc
H epif�neia tou epipèdou pou apokìptetai apì ton kÔlindro prob�lletaisto epÐpedo Oxy
sthn epif�neia Dxy pou eÐnai o kuklikìc dÐskoc x2 + y2 = 1

(i) 'Eqoume ìti
rot ~F = −2βz~i− 2γx~j − 2αy~k,

(ii) epÐshc gia Φ(x, y, z) = z − x− 1 = 0

~5Φ = −~i + ~k, | ~5Φ |=
√

2, ~η =
−~i + ~k√

2

iii) kai ìti

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2 dxdy =

√
2dxdy

Sunolik� ja èqoume

I =

∫ ∫

S

rot ~F · ~ηdσ

=

∫ ∫

Dxy

(−2βz~i− 2γx~j − 2αy~k)

(
−~i + ~k√

2

)√
2dxdy

=

∫ ∫

Dxy

(2βz − 2αy)dxdy

=

∫ ∫

Dxy

(2β(x + 1)− 2αy)dxdy

=

∫ ∫

Dxy

2βdxdy +

∫ ∫

Dxy

2βxdxdy −
∫ ∫

Dxy

2αydxdy

Qrhsimopoi¸ntac polikèc suntetagmènec ìpou

x = ρ cos t, y = ρ sin t, dxdy = ρdρdt

me ìria
0 ≤ ρ ≤ 1, 0 ≤ t ≤ 2π

to parap�nw olokl rwma ja gr�fetai

I = 2β

∫ 1

ρ=0

ρdρ

∫ 2π

t=0

dt + 2β

∫ 1

ρ=0

ρ2dρ

∫ 2π

t=0

cos tdt

− 2α

∫ 1

ρ=0

ρ2dρ

∫ 2π

t=0

sin tdt = 2βπ
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b) Upologismìc tou epikampÔliou oloklhr¸matoc H parametrik  exÐswsh thc kampÔlhc
pou perib�llei thn dosmènh epif�neia eÐnai profan¸c

~r(t) = cos t~i + sin t~j + (cos t + 1)~k

To parap�nw prokÔptei apì to ìti h probol  thc kampÔlhc sto epipedo Oxy eÐnai per-
ifèreia kÔklou me exÐswsh x2 + y2 kai profan  parametropoÐhsh x = cos t, y = sin t. H
exÐswsh thc parap�nw kampÔlhc ìtan metafèretai sthn dosmènh epif�neia prokÔptei me thn
antikat�stash z = x + 1 = cos t + 1. To epikampÔlio olokl rwma ja eÐnai t¸ra

I =

∮

c

~F · d~r =

∮ (
αy2 dx

dt
+ βz2 dy

dt
+ γx2 dz

dt

)
dt

=

∫ 2π

t=0

(
α sin2 t(− sin t) + β(1 + cos t)2 cos t + γ cos2 t(− sin t)

)
dt

= 2β

∫ 2π

t=0

cos2 tdt = 2βπ

'Askhsh 4. Na upologisjeÐ, me treic diaforetikoÔc trìpouc, to epi-
faneiakì olokl rwma I =

∫ ∫
S

z cos γdσ, ìpou S eÐnai h exwterik  epif�neia
thc sfaÐrac x2 + y2 + z2 = 1 kai cos γ eÐnai h trÐth sunist¸sa tou k�jetou
sthn epif�neia S monadiaÐou dianÔsmatoc ~η (γ eÐnai h gwnÐa pou sqh-
matÐzei to ~η me ton �xona zz′)

LÔsh: a' trìpoc: QwrÐzoume thn sfaÐra sta dÔo hmisfaÐria S1 kai S2 antÐstoiqa.
Kaoi oi dÔo epif�neiac prob�llontai profan¸c sto epÐpedo xy ston kuklikì dÐsko Dxy :
x2 + y2 = 1. Ja èqoume epÐshc antÐstoiqa gia tic dÔo epif�neiec

S1 : cos γdσ = +dxdy, z =
√

1− x2 − y2

S2 : cos γdσ = −dxdy, z = −
√

1− x2 − y2

ìpou sth perÐptwsh thc epif�neia S1 to prìshmo (+) ofeÐletai sto ìti h gwnÐa tou di-
anÔsmatoc η sqhmatÐzei oxeÐa gwnÐa me to di�nusa ~k en¸ sthn epif�neia S2 to prìshmo (−)

ofeÐletai sto ìti h gwnÐa tou dianÔsmatoc ~η sqhmatÐzei ambleÐa gwnÐa me to di�nusa ~k. To
olokl rwma upologÐzetai plèon wc ex c

I =

∫

S

∫
z cos γdσ =

∫

S1

∫
z cos γdσ +

∫

S2

∫
z cos γdσ

=

∫

Dxy

√
1− x2 − y2dxdy −

∫

Dxy

−
√

1− x2 − y2dxdy

= 2

∫

Dxy

∫ √
1− x2 − y2dxdy = 2

∫

G

∫ √
1− ρ2ρdρdθ = 2

2π

3
=

4π

3

b' trìpoc: Ja qrhsimopoi soume sfairikèc suntetagmènec akolouj¸ntac ton parak�tw
metasqhmatismì

x = cos φ sin θ, y = sin φ sin θ, z = cos θ, dσ = 12 sin θdθdφ
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me ìria
0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π

EpÐshc ja èqoume

~η =
~∇Φ

|~∇Φ|
= (x~i + y~j + z~k), ~η · ~k = z

To olokl rwma pleìn upologÐzetai wc ex c

I =

∫

S

∫
z cos γdσ =

∫

S

∫
z2dσ =

∫

S

∫
(cos θ)2 sin θdθdφ

=

∫ π

θ=0

∫ 2π

φ=0

cos2 θ sin θdθdφ =

∫ 2π

φ=0

dφ

∫ π

θ=0

cos2 θ sin θdθ = 2π
2

3
=

4π

3

g' trìpoc: MporoÔme na upologÐsoume to olokl rwma efarmìzontac ton tÔpo tou Gauss
efìson to epiepeif�neio olokl rwma upologÐzetai sthn kleist  epif�neia thc sfaÐrac. To
olokl rwma mporeÐ na grafeÐ kai wc ex c

I =

∫

S

∫
z cos γdσ =

∫

S

∫
z

(
~η · ~k

)
dσ =

∫

S

∫ (
z~k

)
· ~ηdσ

An sto parap�nw olokl rwma jewr soume ìti ~F = z~k, sÔmfwna me ton tÔpo tou Gauss
ja èqoume ∫ ∫

V

∫
div ~FdV =

∫∫
©
S

~F · ~ηdσ

Lamb�nontac upìyh ìti div ~F = 1 ja èqoume

I =

∫∫
©
S

z~k · ~ηdσ =

∫ ∫

V

∫
div

(
z~k

)
dV =

∫ ∫

V

∫
dV

=

∫ ∫

G

∫
ρ2 sin θdρdθdφ =

∫ 1

ρ=0

dρ

∫ π

θ=0

sin θdθ

∫ 2π

φ=0

dφ

=
1

3
· 2 · 2π =

4π

3

'Askhsh 5. Na upologisteÐ to epifaneiakì olokl rwma I =
∫ ∫

S
zdxdy,

ìpou S h exwterik  epif�neia tou elleiyoeidoÔc

x2

a2
+

y2

b2
+

z2

c2
= 1, (a, b, c > 0)

LÔsh: a' trìpoc: To olokl rwma, kai lamb�nontac upìyh ìti cos γdσ = dxdy gr�fe-
tai

I =

∫

S

∫
z cos γdσ =

∫

S

∫
z(~η · ~k)dσ =

∫

S

∫
(z~k) · ~ηdσ

Efarmìzontac to je¸rhma tou Gauss kai qrhsimopoi¸ntac, kat�llhla epilegmènec, s-
fairikèc suntetagmènec ìpou

x = ar cos φ sin θ, y = br sin φ sin θ, z = cr cos θ, dV = abcr2 sin θdrdφdθ
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me
0 ≤ r ≤ 1, 0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π

ja èqoume

I =

∫

S

∫
(z~k) · ~ηdσ =

∫ ∫

V

∫
div(z~k)dV =

∫ ∫

V

∫
dV

=

∫ 1

r=0

∫ 2π

φ=0

∫ π

θ=0

abcr2 sin θdrdφdθ

= abc

∫ 1

r=0

r2dr

∫ 2π

φ=0

dφ

∫ π

θ=0

sin θdθ =
4π

3
abc

Upìdeixh: ProspajeÐste na upologÐsete apeujeÐac to parap�nw olokl rwma eÐte a) prob�ll-
wntac p.q. thn epif�neia tou elleiyoeidoÔc sto epÐpedo xy eÐte b) parametropoi¸ntac thn
epif�neia tou elleiyoeidoÔc qrhsimopoi¸ntac kat�llhla epilegmènec sfairikèc suntetag-
mènec.

'Askhsh 6. Na gÐnei epal jeush tou tÔpou tou Gauss gia th sun�rthsh
~F = 4x~i − 2y2~j + z2~k kai th stere� perioq  V , pou perikleÐetai apì thn
kulindrik  epif�neia x2 + y2 = 4 kai ta epÐpeda z = 0, z = 3.

LÔsh: Ja prèpei na deÐxoume ìti
∫ ∫

V

∫
div ~AdV =

∫∫
©
S

~F · ~ηdσ

ìpou V o ìgkoc tou stereoÔ kai S h kleist  epif�neia pou perikleÐei ton parap�nw ìgko. H
epf�neia aut  sunÐstatai apì treic diaforetikèc (proc thn paramemetropoÐshsh) epif�neiec,
a) thn epif�neia z = 0 (thn onom�zoume S1), b) thn epif�neia z = 3 (S2), kai g) thn epif�neia
x2 + y2 = 4 (S3) me ta antÐstoiqa ìria se k�je perÐptwsh (dec sq ma..).
a) Ja upologÐsoume arqik� to triplì olokl rwma k�nonatc qr sh kulindrik¸n susntetag-
mènwn ìpou

x = ρ cos θ, y = ρ sin θ, z = z, dV = ρdρdθdz

me ìria
0 ≤ ρ ≤ 2, 0 ≤ θ ≤ 2π, 0 ≤ z ≤ 3

en¸ epÐshc ja èqoume

div ~F = (4− 4y + 2z) = (4− 4ρ sin θ + 2z)

To olokl rwma t¸ra upologÐzetai wc exeÐc

I =

∫ ∫

V

∫
div ~FdV =

∫ ∫

V

∫
(4− 4ρ sin θ + 2z)ρdρdθdz

=

∫ 2π

θ=0

∫ 2

ρ=0

∫ 3

z=0

(4− 4ρ sin θ + 2z)ρdρdθdz = 84π

b) Ja upologÐsoume t¸ra to epiepeif�neio olokl rwma sthn epif�neia pou perikleÐei ton
ìgko V , upologÐzontac trÐa epiepeif�neia oloklhr¸mata antÐstoiqa stic epif�neiec S1, S2
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kai S3.
b1) Gia to olokl rwma sthn epif�neia S1 ja èqoume

dσ = dxdy, ~η = −~k

kai sunep¸c

I1 =

∫

S1

∫
~F · ~ηdσ =

∫

D1

∫
(−z2)dxdy = 0

ìpou l�bame upìyh ìti sthn epif�neia S1 èqoume stajer� z = 0.
b2) Gia to olokl rwma sthn epif�neia S2 ja èqoume

dσ =

√
1 + (

∂y

∂x
)2 + (

∂y

∂z
)2dxd = dxdy, ~η = ~k

kai sunep¸c

I2 =

∫

S2

∫
~F · ~ηdσ =

∫

D2

∫
(z2)dxdy = 9

∫
dxdy = 9π22 = 36π

b3) Gia to olokl rwma sthn epif�neia S3 ja qrhsimopoi soume kulindrikèc suntetagmènec
ìpou

x = 2 cos θ, y = 2 sin θ, z = z, dσ = 2dθdz

me ìria
0 ≤ θ ≤ 2π, 0 ≤ z ≤ 3

kai epÐshc

~η =
~∇Φ

|~∇Φ|
=

1

2
(x~i + y~j)

I3 =

∫

S3

∫
~F · ~ηdσ =

∫

S3

∫
(2x2 − y3)dσ

=

∫

D3

∫
8(cos2 θ − sin3 θ)2dθdz

= 16

∫ 2π

θ=0

∫ 3

z=0

(cos2 θ − sin3 θ)dθdz = 48π

Sunolik� ja èqoume

I =

∫∫
©
S

~F · ~ηdσ = I1 + I2 + I3 + I4 = 0 + 36π + 48π = 84π

'Askhsh 7. Na epalhjeuteÐ o tÔpoc tou Stokes gia to olokl rwma
∮

(z − y)dx + (x− z)dy + (y − x)dz

ìpou c eÐnai h perÐmetroc tou trig¸nou ABC me korufèc A(a, 0, 0), B(0, a, 0),
C(0, 0, a).
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LÔsh: a) Arqik� ja upologÐsoume to kleistì epikampÔlio olokl rwma kat� m koc
thc diadrom c A → B → C. H parametropoÐshsh twn tri¸n parap�nw diadrom¸n eÐnai
antÐstoiqa:

A → B : x + y = a, x = t, y = a− t, a ≤ t ≤ 0

B → C : y + z = a, y = t, z = a− t, a ≤ t ≤ 0

C → A : x + z = a, x = t, z = a− t, 0 ≤ t ≤ a

kai to kleistì olokl rwma ja eÐnai

I =

∮
~F · d~r =

∮
(z − x)dx + (x− z)dy + (y − x)dz

=

∫

A→B

() +

∫

B→C

() +

∫

C→A

()

=

∫ 0

t=a

[(0− (a− t)) · 1 + (t− 0) · (−1) + (a− t− t) · 0] dt

=

∫ 0

t=a

[(a− t− t) · 0 + (0− (a− t)) · 1 + (t− 0) · (−1)] dt

=

∫ a

t=0

[(a− t− 0) · 1 + (t− (a− t)) · 0 + (0− t) · (−1)] dt

=

∫ 0

t=a

(−a)dt +

∫ 0

t=a

(−a)dt +

∫ a

t=0

adt = a2 + a2 + a2 = 3a2

b) Ja upologÐsoume t¸ra to antÐstoiqo epiepeif�nio olokl rwma
∫

S

∫
rot~F ·~ηdσ. Ja èqoume

rot~F = 2~i + 2~j + 2~k

kai epÐshc, epeid  profan¸c h exÐswsh tou epipèdou eÐnai x + y + z = a ja èqoume

~η =
~∇Φ

|~∇Φ|
=

1√
3
(~i +~j + ~k)

H probol  thc epif�neiac S sto epÐpedo Oxy eÐnai h trigwnik  epif�neia pou perikleÐetai
apì tic kampÔlec y = 0, x = 0 kai x + y = a kai epÐshc eÐnai

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2dxdy =

√
3dxdy.

To epiepeif�nio olokl rwma gr�fetai plèon

I =

∫

S

∫
rot~F · ~ηdσ =

∫

D

∫
(2~i + 2~j + 2~k) · 1√

3
(~i +~j + ~k)

√
3dxdy

=

∫ a

x=0

(∫ a−x

y=0

6dy

)
dx = 6

∫ a

x=0

(a− x)dx = 6
a2

2
= 3a2

'Askhsh 8.Na epalhjeuteÐ to je¸rhma tou Stokes gia to tm ma thc k-
wnik c epif�neiac z = 2 −

√
x2 + y2 pou brÐsketai metaxÔ twn epipèdwn

z = 2 kai z = 1 ìtan ~F = (y − z)~i + (z − x)~j + (x− y)~k.
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LÔsh: SÔmfwna me ton tÔpo tou eÐnai Stokes

∮
~F · d~r =

∫

S

∫
rot~F · ~ηdσ

a) EpikampÔlio olokl rwma : H kampÔlh c p�nw sthn opoÐa ja upologÐsoume to kleisto
èpikampÔlio olokl rwma brÐsketai sto epÐpedo z = 1 kai eÐnai perifèreia kÔklou me aktÐna
pou ja eÐnai ρ =

√
x2 + y2 = 2− z = 1. Sunep¸c h parametropoÐsh thc peifèreiac ja eÐnai

x = cos θ, y = sin θ, z = 1, 0 ≤ θ ≤ 1

kai to olokl rwma upologÐzetai wc ex c

I =

∮
~F · d~r =

∮
(y − z)dx + (z − x)dy + (x− y)dz

=

∫ 2π

θ=0

[(sin θ − 1) · (− sin θ) + (1− cos θ) · (cos θ)

+ (cos θ − sin θ) · (0)]dθ = −2π

b) Epiepeif�neio olokl rwma : H kwnik  epif�neia S p�nw sthn opoÐa ja upologÐsoume to
olokl rwma prob�letai sto epÐpedo xy sto kuklikì dÐsko x2 + y2 = 1 (prokÔptei apì thn
apaleif  tou z an�mesa sthn exÐswsh tou k¸nou z = 2 −

√
x2 + y2 kai sthn exÐswsh tou

epipèdou z = 1). Ja èqoume epÐshc

rot~F = −2~i− 2~j − 2~k, ~η =
~∇Φ

|~∇Φ|
=

1√
2

(
x√

x2 + y2
~i +

y√
x2 + y2

~j + ~k

)

kai epÐshc

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2dxdy =

√
2dxdy

To olokl rwma t¸ra upologÐzetai wc ex c

I =

∫

S

∫
rot~F · ~ηdσ

=

∫

D

∫
(−2~i− 2~j − 2~k) ·

[
1√
2

(
x√

x2 + y2
~i +

y√
x2 + y2

~j + ~k

)]√
2dxdy

=

∫

D

∫
−2

(
x√

x2 + y2
+

y√
x2 + y2

+ 1

)
dxdy

=

∫

G

∫
−2(cos θ + sin θ + 1)ρdρdθ

= −2

∫ 2π

θ=0

∫ 1

ρ=0

cos θρdρdθ − 2

∫ 2π

θ=0

∫ 1

ρ=0

cos θρdρdθ

− 2

∫ 2π

θ=0

∫ 1

ρ=0

ρdρdθ = 0 + 0− 2π = −2π
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ìpou sto parap�nw olokl rwma k�name metasqhmatismì se polikèc suntetagmènec.

'Askhsh 9. Na gÐnei epal jeush tou tÔpou tou Gauss gia th sun�rthsh
~F = (2x− z)~i+x2y~j−xz2~k kai gia thn epif�neia tou kÔbou pou orÐzetai apì
ta epÐpeda x = 0, x = 1, y = 0, y = 1, z = 0, z = 1.

LÔsh: a' Upologismìc tou epiepeif�niou oloklhr¸matoc O kÔboc faÐneta sto sq ma....
o upologismìc tou epiepeif�neiou oloklhr¸matoc

I =

∫∫
©
S

~F · ~ηdσ

sunÐstatai sto upologismì 6 epipeif�neiwn olokl rwmatwn mÐa gia k�je epif�neia tou
kÔbou. Prèpei se k�je perÐptwsh na kajoristeÐ to k�jero di�nusma ~η, h stoiqei¸shc
epif�neia dσ kai ta oria thc probol c thc k�je epif�neiac sta epÐpeda xy, xz, kai yz. 'Etsi
ja èqoume se k�je perÐptwsh:

ABCD : ~η = −~k, dσ = dxdy, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, z = 0

HEFG : ~η = ~k, dσ = dxdy, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, z = 1

ADGH : ~η = −~j, dσ = dxdz, 0 ≤ x ≤ 1, 0 ≤ z ≤ 1, y = 0

BCFE : ~η = ~j, dσ = dxdz, 0 ≤ x ≤ 1, 0 ≤ z ≤ 1, y = 1

ABEH : ~η =~i, dσ = dydz, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1, x = 1

DCFG : ~η = −~i, dσ = dydz, 0 ≤ y ≤ 1, 0 ≤ z ≤ 1, x = 0

Ta antÐstoiqa oloklhr¸mata eÐnai

I1 =

∫

DABCD

∫
(xz2)dxdy = 0

I2 =

∫

DHEFG

∫
(−xz2)dxdy =

∫ 1

x=0

∫ 1

y=0

(−x)dxdy =
1

2

I3 =

∫

DADGH

∫
(−x2y)dxdz = 0

I4 =

∫

DBCFE

∫
(x2y)dxdz =

∫ 1

x=0

∫ 1

z=0

x2dxdy =
1

3

I5 =

∫

DABEF

∫
(2x− z)dydz =

∫ 1

y=0

∫ 1

z=0

(2− z)dydz =
3

2

I6 =

∫

DDCFG

∫
−(2x− z)dydz =

∫ 1

y=0

∫ 1

z=0

zdydz =
1

2

Sunolik� ja èqoume

I = I1 + I2 + I3 + I4 + I5 + I6 = 0 +
1

2
+ 0 +

1

3
+

3

2
+

1

2
=

11

6
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b' Efarmog  tÔpou Gauss: Apì ton tÔpo tou Gauss ìpou

I =

∫∫
©
S

~F · ~ηdσ =

∫ ∫

V

∫
div ~FdV

kai lamb�nonatc upìyh ìti
div ~F = 2 + x2 − 2xz

ja èqoume

I =

∫ ∫

V

∫
div ~FdV =

∫ ∫

V

∫
(2 + x2 − xz)dxdydz

=

∫ 1

x=0

∫ 1

y=0

∫ 1

z=0

(2 + x2 − 2xz)dxdydz =
11

6

'Askhsh 10. DÐnetai h epif�neia S 2z = 4 − x2 − y2. Na brejeÐ to embadìn
metaxÔ twn uy¸n z = 1 kai z =

√
2.

LÔsh: a' trìpoc: Ja qrhsimopoi soume kulindrikèc suntetagmènec ìpou

x = ρ cos θ, y = ρ sin θ, z = z, ρ2 = x2 + y2 = 4− 2z

me ìria antÐstoiqa
1 ≤ z ≤

√
2, 0 ≤ θ ≤ 2π

H parametrik  par�stash thc thc epif�neiac tou paraboloeidoÔc ja eÐnai

~r(θ, z) =
√

4z − 2 cos θ~i +
√

4z − 2 sin θ~j + z~k

kai sunep¸c ja èqoume

~ε1 =
∂~r

∂θ
= −√4z − 2 sin θ~i +

√
4z − 2 cos θ~j

~ε2 =
∂~r

∂θ
= − 1√

4z − 2
cos θ~i− 1√

4z − 2
sin θ~j + ~k

~ε1 · ~ε1 = 4− 2z, ~ε2 · ~ε2 =
5− 2z

4− 2z
, ~ε1 · ~ε2 = 0

H stoiqei¸sh epif�neia dσ ja eÐnai sunep¸c

dσ =
√

gdθdz =
√

(~ε1 · ~ε1) · (~ε2 · ~ε2)− (~ε1 · ~ε2)2 =
√

5− 2zdθdz

H sunolik  epif�neia ja eÐnai

σ =

∫

S

∫
dσ =

∫

S

∫ √
5− 2zdθdz

∫ 2π

θ=0

dθ

∫ √
2

z=1

√
5− 2zddz

= 2π

(√
3− 1

3
(5− 2

√
2)3/2

)
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b' trìpoc: MporoÔme na upologÐsoume thn zhtoÔmenh epif�neia prob�llonatc thn sto
epÐpedo xy. H probol  thc ja eÐnai kuklikìc daktÔlioc me aktÐnec pou prokÔptoun apì
thn apaleif  tou z apo tic exis¸seic twn epifanei¸n z = 1 kai z =

√
2 kai thc epif�neiac

tou paraboloeidoÔc 2z = 4 − x2 − y2. 'Etsi oi aktÐnec twn dÔo kuklik¸n dÐskwn ja eÐnai
antÐstoiqa ρ1 =

√
2 kai ρ2 =

√
4− 2

√
2. Epiplèon ja èqoume

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2dxdy =

√
1 + x2 + y2dxdy

kai qrhsimopoi¸ntac polikèc suntetagmènec me ìria antÐstoiqa

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ

me ìria √
4− 2

√
2 ≤ ρ ≤

√
2, 0 ≤ θ ≤ 2π

ja èqoume telik�

σ =

∫

S

∫
dσ =

∫

Dxy

∫ √
1 + x2 + y2dxdy =

∫

G

∫ √
1 + ρ2ρdρdθ

=

∫ 2π

θ=0

dθ

∫ √
2

ρ=
√

4−2
√

2

√
1 + ρ2ρdρ = 2π

(√
3− 1

3
(5− 2

√
2)3/2

)

g' trìpoc: MporoÔme na upologÐsoume to embadìn thc epif�neiac qrhsimopoi¸ntac to
je¸rhma tou Gauss ìpou ∫∫

©
S

~F · ~ηdσ =

∫ ∫

V

∫
div ~FdV.

Sthn parap�nw sqèsh V einai o ìgkoc pou periklèietai apì thn to tm ma thc epif�neiac
tou paraboloeidoÔc pou jèloume na upologÐsoume to embadìn (S1) kai apì touc kuklikoÔc
dÐskouc twn epifanei¸n z = 1 (epif�neia S2) kai z =

√
2 (S3). MporoÔme sunep¸c na

gr�youme
∫∫
©
S

~F · ~ηdσ =

∫ ∫

V

∫
div ~FdV ⇒

∫

S1

∫
~F · ~ηdσ =

∫ ∫

V

∫
div ~Fdv −

∫

S1

∫
~F · ~ηdσ −

∫

S1

∫
~F · ~ηdσ

Sthn epif�neia S1 to k�jeto di�nusma eÐnai

~η =
~∇Φ

|~∇Φ|
=

1√
1 + x2 + y2

(x~i + y~j + ~k)

kai epilègonantac gia par�deigma thn dianusmatik  sun�rthsh

~F =
√

1 + x2 + y2~k

tìte ja èqoume ∫

S1

∫
~F · ~ηdσ =

∫

S1

∫
dσ
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Lamb�nontac epÐshc upìyh ìti oi epif�neiac S2 kai S3 prob�llontai sto epÐpedo xy se
antÐstoiqouc kuklikoÔc dÐskouc me aktÐnec ρ =

√
2 kai ρ =

√
4− 2

√
2 antÐstoiqa (dec a'

kai b' trìpouc thc �skhshc) kai ìti
div ~F = 0

ja èqoume sunolik�

σ =

∫

S1

∫
dσ =

∫ ∫

V

∫
div ~FdV −

∫

S1

∫
~F · ~ηdσ −

∫

S1

∫
~F · ~ηdσ

= 0−
∫

D1

∫
~F · ( ~−k)dxdy −

∫

D2

∫
~F · ~kdxdy

=

∫

D1

∫ √
1 + x2 + y2dxdy −

∫

D2

∫ √
1 + x2 + y2dxdy

=

∫ 2π

θ=0

dθ

∫ √
2

ρ=0

√
1 + ρ2ρdρ−

∫ 2π

θ=0

dθ

∫ √
4−2

√
2

ρ=0

√
1 + ρ2ρdρ

= 2π

(√
3− 1

3
(5− 2

√
2)3/2

)

Upìdeixh: Prospaj ste na upologÐsete to embadìn thc epif�neiac efarmìzontac kat�llh-
la ton tÔpo tou Stokes.DeÐte kai th sqetik  jewrÐa tou KefalaÐou

'Askhsh 11. Na upologisjeÐ to olokl rwma
∫

S

∫
x2dydz + y2dxdz + z2dxdy

ìpou S h epif�neia thc sfaÐrac x2 + y2 + z2 = a2

a) Wc epiepif�nio olokl rwma b' tÔpou
a) me th bo jeia tou jewr matoc thc apoklÐsewc

LÔsh: a ' trìpoc: To k�jeto di�nusma p�nw sthn sfairik  epif�neia eÐnai

~η =
~∇Φ

|~∇Φ|
=

1

a
(x~i + y~j + z~k)

kai epÐshc eÐnai
~F = x2~i + y2~j + z2~k

Ean parametropoi soume thn epif�neia thc sfaÐrac qrhsimopoi¸ntac sfairikèc suntetag-
mènec, dhlad 

x = a cos φ sin θ, y = a sin φ sin θ, z = a cos θ, dσ = a2 sin θdφdθ

me ìria
0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π
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To olokl rwma t¸ra gr�fetai

I =

∫

S

∫
x2dydz + y2dxdz + z2dxdy =

∫

S

∫
~F · ~ηdσ

= a

∫

S

∫ (
x3 + y3 + z3

)
dσ

= a4

∫

S

∫ (
(cos φ sin θ)3 + (sin φ sin θ)3 + (cos θ)3

)
sin θdφdθ

= a4

(∫ 2π

φ=0

cos3 φdφ

∫ π

θ=0

sin4 θdθ +

∫ 2π

φ=0

sin3 φdφ

∫ π

θ=0

sin4 θdθ

+

∫ 2π

φ=0

dφ

∫ π

θ=0

cos3 θ sin θdθ

)
= 0 + 0 + 0 = 0

b' trìpoc: Apì ton tÔpo tou Gauss ja èqoume

I =

∫∫
©
S

~F · ~ηdσ =

∫ ∫

V

∫
div ~FdV =

∫ ∫

V

∫
(2x + 2y + 2z)dxdydz

= 2

∫ ∫

V

∫
(r cos φ sin θ + r sin φ sin θ + r cos θ)r2 sin θdrdθdφ

= 2

(∫ a

r=0

r3dr

∫ 2π

φ=0

cos φdφ

∫ π

θ=0

sin2 θdθ

+

∫ a

r=0

r3dr

∫ 2π

φ=0

sin φdφ

∫ π

θ=0

sin2 θdθ

+

∫ a

r=0

r3dr

∫ 2π

φ=0

dφ

∫ π

θ=0

cos θ sin θdθ

)
= 0 + 0 + 0 = 0

'Askhsh 12. Na upologisteÐ to olokl rwma

I =

∮

c

yzdx + xzdy + xydz

ìpou c eÐnai h kleist  kampÔlh x2 + y2, z = y2

a) kateujeÐan san epikampÔlio olokl rwma b' tÔpou
b) qrhsimopoi¸ntac ton tÔpo tou Stokes

LÔsh: a' trìpoc : H probol c thc tom  thc epif�neiac z = y2 me thn kulndrik 
epif�neia sto epÐpedo x2 + y2 = 1 eÐnai ènac kuklikìc dÐskoc aktÐnac ρ = 1. H kampÔlh c
p�nw sthn opoÐa upologÐzetai to olokl rwma parametropoieÐtai wc ex c

~r(t) = cos t~i + sin t~j + sin2 t~k
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kai sunep¸c to olokl rwma gÐnetai

I =

∮

c

yzdx + xzdy + xydz

=

∫ 2π

t=0

(
y(t)z(t)

dx

dt
+ x(t)z(t)

dy

dt
+ x(t)y(t)

dz

dt

)
dt

=

∫ 2π

t=0

(
sin t sin2 t(− sin t) + cos t sin2 t(− cos t)

+ cos t(2 sin t cos t)
)

dt

=

∫ 2π

t=0

(
3 cos2 t sin2 t− sin4 t

)
dt

=

∫ 2π

t=0

(
3 cos2 t sin2 t− sin2 t(1− cos2)

)
dt

=

∫ 2π

t=0

sin2 2tdt−
∫ 2π

t=0

sin2 tdt

=
1

2

∫ 4π

x=0

sin2 xdx−
∫ 2π

x=0

sin2 xdx = 0

b' trìpoc : SÔmfwna ton tÔpo tou Stokes èqoume

I =

∮

c

~F · d~r =

∫

S

∫
rot ~F · ~ndσ

ìpou S h epif�neia pou eÐnai tm ma thc epif�neiac z = y2 pou perib�letai apì thn kleist 
kampÔlh c kai ìpou

~F = yz~i + xzd~j + xy~k

Ja èqoume ìmwc
rot~F = (x− x)~i + (y − y)d~j + (z − z)~k = ~0

Sunep¸c ja èqoume

I =

∫

S

∫
rot ~F · ~ndσ = 0

'Askhsh 13. Na upologisteÐ, me dÔo trìpouc, to embadìn tou tm matoc
pou apokìptei apì to �nw hmisfaÐrio (z ≥ 0) thc sfaÐrac x2 + y2 + z2 = 1 o
kÔlindroc x2 + y2 − y = 0.

LÔsh: a' trìpoc) To embadìn pou jèloume na upologÐsoume eÐnai tm ma sfaÐrac x2 +
y2 + z2 = 1 kai h probol  tou D sto epÐpedo xy eÐnai h b�sh tou kulÐndrou x2 + y2− y = 0.
Lamb�nontac upìyh ìti

dσ =

√
1 + (

∂z

∂x
)2 + (

∂z

∂y
)2dxdy =

1√
1− x2 − y2

dxdy

to embadìn ja dÐnetai apì to diplì olokl rwma

I =

∫

S

∫
dσ =

∫

D

∫
1√

1− x2 − y2
dxdy
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Qrhsimopoi¸ntac polikèc suntetagmènec ìpou

x = ρ cos θ, y = ρ sin θ, dxdy = ρdρdθ

kai lamb�nontac upìyh ìti lìgw summetrÐac h epif�neia prob�lletai isìposa sta dÔo tm -
mata tou kuklikoÔ dÐskou ta ìria gia tic metablhtèc ρ kai θ eÐnai

x2 + y2 − y = 0 → 0 ≤ ρ ≤ sin θ, 0 ≤ θ ≤ π

2

to olokl rwma gÐnetai

I =

∫

D

∫
1√

1− x2 − y2
dxdy = 2

∫ π/2

θ=0

[∫ sin θ

ρ=0

ρ√
1− ρ2

dρ

]
dθ

= 2

∫ π/2

θ=0

(
1−

√
1− sin2 θ

)
= 2

∫ π/2

θ=0

(1− | cos θ|) dθ

= 2

∫ π/2

θ=0

(1− cos θ) dθ = π − 2

ìpou l�bame upìyh ìti
√

1− sin2 θ =
√

cos2 θ = | cos θ|
Upìdeixh : An sto parap�nw olokl rwma paÐrname san ìria gia thn gwnÐa θ, 0 ≤ θ ≤ π

to olokl rwma ja ginìtan (met� thn olokl rwsh wc proc thn metablht  ρ)

I =

∫ π

θ=0

(1− | cos θ|) dθ =

∫ π/2

θ=0

(1− cos θ) dθ +

∫ π

θ=π/2

(1 + cos θ) dθ

=
1

2
(π − 2) +

1

2
(π − 2) = π − 2

b' trìpoc) Ja efarmìsoume sfairikèc suntetagmènec ìpou

x = cos φ sin θ, y = sin φ sin θ, z = cos θ dσ = sin θdφdθ

Ta shmeÐa tom c thc sfaÐrac me ton kÔlindro brÐskontai apaleÐfontac thn posìthta x2 +y2

kai qrhsimopoi¸ntac sfairikèc suntetagmènec, ja èqoume dhlad  (gia thn perioq  pou mac
endiafèrei)

y + z2 = 1 → sin φ sin θ = 1− cos2 θ → sin φ = sin θ → φ = θ

To embadìn tou tm matoc thc sfairik c epif�neiac ja eÐnai sunep¸c

I =

∫

S

∫
dσ = 2

∫ π/2

θ=0

(∫ π/2

φ=θ

sin θdφ

)
dθ = 2

∫ π/2

θ=0

(π

2
− θ

)
sin θdθ

= π

∫ π/2

θ=0

sin θdθ − 2

∫ π/2

θ=0

θ sin θdθ = π − 2
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0.5 EFARMOGES
'Askhsh 1. Na upologisteÐ h m�za tm matoc sfairikoÔ floioÔ aktÐnwn a,
b, a < b kai puknìthtac ρ = xyz√

x2+y2+z2
, x, y, z > 0.

LÔsh: H m�za tou s¸matoc dÐnetai apì thn sqèsh

m =

∫ ∫ ∫

V

ρ(x, y, z)dxdydz

Epeid  to s¸ma tou opoÐou jèloume na upologÐsoume th m�za èqei sfairikì sq ma ja
qrhsimopoi soume sfairikèc suntetagmènec, dhlad 

x = r cos φ sin θ, y = r sin φθ, z = r cos φ, dxdydz = r2 sin θdrdθdφ

me ìria, efìson periorizìmaste sto mpr¸to ogdohmìrio,

a ≤ r ≤ b, 0 ≤ θ ≤ π/2, 0 ≤ φ ≤ π/4

To olokl rwma gr�fetai t¸ra

m =

∫ ∫ ∫

V

xyz√
x2 + y2 + z2

dxdydz =

∫ b

r=a

r4dr

∫ π/2

θ=0

sin θdθ

∫ π/4

φ=0

dφ

=
1

5
(a5 − b5) · 1 · π

4
=

(a5 − b5)π

20

'Askhsh 2. Na upologisteÐ h rop  adraneÐac tou omogenoÔc kulÐndrou
x2 + y2 = a2, me Ôyoc b, wc proc ton �xona twn z

LÔsh: H rop  adraneÐac, wc proc ton �xona twn z, dÐnetai apì to triplì olokl rwma

Iz =

∫ ∫ ∫

V

(x2 + y2)ρdxdydz

O kulindroc eÐnai omogen c, sunep¸c h puknìthta tou eÐnai stajer  ρ = c. Ja qrhsimopoi -
soume kulindrikèc suntetagmènec, dhlad 

x = ρ cos φ, y = ρ sin φ, z = z, dxdydz = ρdρdφdz

me ìria
0 ≤ φ ≤ 2π, 0 ≤ ρ ≤ a, 0 ≤ z ≤ b

To olokl rwma gr�fetai t¸ra

Iz =

∫ ∫ ∫

V

(x2 + y2)ρdxdydz = c

∫ a

ρ=0

ρ3dρ

∫ 2π

φ=0

dφ

∫ b

z=0

dz

= c · a4

4
· (2π) · b =

ca4πb

2

'Askhsh 3. Na brejeÐ h m�za tou kwnikoÔ kelÔfouc z2 = 3(x2 + y2) epi-
faneiak c puknìthtac ρ = x2 + y2, pou perikleÐetai metaxÔ twn epipèdwn
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z = 0 kai z = 3.
LÔsh: H m�za tou s¸matoc eÐnai sugkentrwmènh sthn epif�neia tou k¸nou kai sunep¸c
ja upologÐzetai apì to epiepeif�neio olokl rwma thc morf c

m =

∫ ∫

S

ρ(x, y, z)dσ =

∫ ∫

S

(x2 + y2)dσ

Ja qrhsimopoi soume kulindrikèc suntetagmènec kai afoÔ laboume upìyh ìti z =
√

3(x2 + y3) =√
3ρ kai sunep¸c h gwnÐa a tou k¸nou ja eÐnai tan a = ρ/z =

√
3/3 ⇒ a = π/6 ja èqoume

thn parametropoÐhsh

x = ρ cos φ, y = ρ sin φ, z =
√

3ρ, dσ =
ρ

sin a
= 2ρ

me ìria
0 ≤ φ ≤ 2π, 0 ≤ ρ ≤

√
3

To olokl rwma gr�fetai t¸ra

m =

∫ ∫

S

(x2 + y2)dσ = 2

∫ √
3

ρ=0

ρ3dρ

∫ 2π

φ=0

dφ = 2 · 9

4
· 2π = 9π

Upìxeixh: Ennalaktik� h parap�nw �skhsh mporeÐ na lujeÐ jewr¸ntac ìti prob�loume
thn kwnik  epif�neia sto epÐpedo Oxy. H probol  pou prokÔptei eÐnai profan¸c ènac
kuklikìc dÐskoc Dxy aktÐnac

√
3. EpÐshc ja èqoume ìti

dσ =

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy = 2dxdy

kai to olokl rwma ja eÐnai

m =

∫ ∫

S

(x2 + y2)dσ =

∫ ∫

Dxy

(x2 + y2)

√
1 +

(
∂z

∂x

)2

+

(
∂z

∂y

)2

dxdy

=

∫ ∫

Dxy

2(x2 + y2)dxdy

kai qrhsimopoi¸ntac sÔsthma polik¸n suntetagmènwn dhlad 

x = ρ cos φ, y = ρ sin φ, dxdy = ρdρdφ

me ìria
0 ≤ φ ≤ 2π, 0 ≤ ρ ≤

√
3

katal goume p�li sto gnwstì olokl rwma

m = 2

∫ √
3

ρ=0

ρ3dρ

∫ 2π

φ=0

dφ = 9π

'Askhsh 4. DÐnetai h surm�tinh èlika x = a cos t, y = a sin t, z = βt (a > 0, β =
/0) me puknìthta m�zac λ = γz. Na brejoÔn gia t ∈ (0, 2π)
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a) To shmeÐo tou kèntrou m�zac thc èlikac
b) To m koc thc èlikac

LÔsh: Gia profaneÐc lìgouc summetrÐac to kèntro m�zac ja brÐsketai ston �xona twn z
kai ja eÐnai

zG =
1

m

∫

c

zλds, m =

∫

c

λds

H m�za katarq n upologÐzetai apì to olokl rwma

m =

∫

c

λds =

∫ 2π

t=0

γz

√(
dx

dt

)2

+

(
dy

dt

)2

+

(
dz

dt

)2

dt

= γβ
√

a2 + β2

∫ 2π

t=0

tdt = 2π2γβ
√

a2 + β2

Me to Ðdio trìpo ja èqoume

I =

∫

c

zλds =

∫ 2π

t=0

zγz

√(
dx

dt

)2

+

(
dy

dt

)2

+

(
dz

dt

)2

dt

= γβ2
√

a2 + β2

∫ 2π

t=0

t2dt =
8

3
γβ2π3

√
a2 + β2

To kèntro m�zac ja eÐnai sunep¸c

zG =
1

m
I =

4

3
βπ

'Askhsh 5. Na upologisjeÐ h rop  adr�neiac omogenoÔc sfairikoÔ kelÔ-
fouc wc proc ton �xona z an h aktÐna tou eÐnai a kai h puknìthta tou λ

LÔsh:
H rop  adr�neiac tou sfairikoÔ kelÔfouc wc proc ton �xona z dÐnetai apì to olokl rwma

Iz =

∫ ∫

S

(x2 + y2)λdσ

ìpou S h epif�neia tou sfairikoÔ kelÔfouc. Ja upologÐsoume to olokl rwma qrhsi-
mopoi¸ntac sfairikèc suntetagmènec ìpou

x = a cos φ sin θ, y = a sin φ sin θ, z = a cos θ

To stoiqei¸dec embadìn dσ se sfairik  epif�neia eÐnai dσ = a2 sin θdθdφ
Ja èqoume sunep¸c

Iz =

∫ ∫

S

(x2 + y2)λdσ =

∫ ∫

G

(a sin θ)2λa2 sin θdθdφ

= λa4

∫ π

θ=0

sin3 θdθ

∫ 2π

φ=0

dφ = λa4 · 4

3
· 2π =

8

3
πλa4

41



Lamb�nontac upìyh ìti h m�za tou kelÔfouc ja eÐnai

m =

∫ ∫

S

λdσ = λa2

∫ π

θ=0

sin θdθ

∫ 2π

φ=0

dφ = 4πa2λ

h rop  adr�neiac Iz ja dÐnetai apì thn sqèsh

Iz =
2

3
ma2

'Askhsh 6. Na upologisteÐ h rop  adr�neiac omogenoÔc orjoÔ kuklikoÔ
k¸nou wc proc ton �xona y an h puknìthta tou eÐnai λ, h aktÐna thc
b�shc tou eÐnai a kai to Ôyoc tou h

LÔsh:
H rop  adr�neiac tou k¸nou wc proc ton �xona y ja dÐnetai apì th sqèsh

Iy =

∫ ∫ ∫

V

(x2 + z2)λdxdydz

Gia ton upologismì tou parap�nw oloklhr¸matoc ja qrhsimopoi soume kulindrikèc sunte-
tagmènec ìpou eÐnai

x = ρ cos θ, y = ρ sin θ, z = z, dxdydz = ρdρdθdz

Epiplèon apì ta ìmoia trÐgwna OAB kai OO′C ja èqoume

ρ

a
=

z

h
⇒ h

a
ρ

'Etsi sunolik� ja èqoume

Iy =

∫ ∫ ∫

V

(x2 + z2)λdxdydz = λ

∫ ∫ ∫

G

(ρ2 cos2 θ + z2)ρdρdθdz

= λ

∫ 2π

θ=0

∫ a

ρ=0

(∫ h

z=h
a

ρ

(ρ2 cos2 θ + z2)ρdz

)
dρdθ

= λ

∫ 2π

θ=0

(∫ a

ρ=0

ρ

(
ρ2 cos2 θ(h− h

a
ρ) +

1

3
(h3 − (

h

a
ρ)3)

)
dρ

)
dθ

= λ

∫ 2π

θ=0

(
a2h3

10
+

1

20
a4h cos2 θ

)
dθ =

λa2hπ

20
(a2 + 4h2)

Lamb�nontac upìyh ìti h m�za tou parap�nw k¸nou dÐnetai apì thn sqèsh m = 1/3πa2hλ
(h apìdeixh af netai san �skhsh) tìte ja èqoume

Iy =
3

20
m(a2 + 4h2)

'Askhsh 7. DÐdetai h puramÐda x + y + z ≤ 1, x, y, z ≥ 0, puknìthtac ρ = x.
Na brejeÐ to kèntro m�zac thc.
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LÔsh:
UpologÐzoume arqik� th m�za thc puramÐdac h opoÐa eÐnai èna olokl rwma ìgkou miac

puramÐdac ìpou wc proc ton �xona twn z perib�lletai apì tic epif�neiec z = 0 kai z =
1 − x − y kai h probol  thc opoÐac ston epÐpedo Oxy eÐnai h trigwnik  epif�neia Dxy h
opoÐa periorÐzetai apì tic eujeÐec x = 0, y = 0 kai x + y = 1. H m�za thc puramÐdac ja
dÐnetai sunep¸c apì thn sqèsh

m =

∫ ∫ ∫

V

ρdV =

∫ ∫ ∫

V

xdxdydz =

∫ ∫

Dxy

(∫ z=1−x−y

z=0

xdz

)
dxdy

=

∫ ∫

Dxy

x(1− x− y)dxdy =

∫ 1

x=0

(∫ 1−x

y=0

x(1− x− y)dy

)
dx

=

∫ 1

x=0

x(
1

2
− x +

x2

2
)dx =

1

24

H sunist¸sa tou kèntrou m�zac ston �xona twn x ja eÐnai

xG =
1

m

∫ ∫ ∫

V

xρdV =
1

m

∫ ∫ ∫

V

x2dxdydz

=
1

m

∫ ∫

Dxy

(∫ z=1−x−y

z=0

x2dz

)
dxdy =

∫ ∫

Dxy

x2(1− x− y)dxdy

=

∫ 1

x=0

(∫ 1−x

y=0

x2(1− x− y)dy

)
dx =

∫ 1

x=0

x2(
1

2
− x +

x2

2
)dx =

2

5

H sunist¸sa tou kèntrou m�zac ston �xona twn y ja eÐnai

yG =
1

m

∫ ∫ ∫

V

yρdV =
1

m

∫ ∫ ∫

V

yxdxdydz

=
1

m

∫ ∫

Dxy

(∫ z=1−x−y

z=0

yxdz

)
dxdy =

1

m

∫ ∫

Dxy

yx(1− x− y)dxdy

=

∫ 1

x=0

(∫ 1−x

y=0

yx(1− x− y)dy

)
dx

=
1

m

∫ 1

x=0

x(
1

6
− x

2
+

x2

2
− x3

6
)dx =

1

5

H sunist¸sa tou kèntrou m�zac ston �xona twn z ja eÐnai

zG =
1

m

∫ ∫ ∫

V

zρdV =
1

m

∫ ∫ ∫

V

zxdxdydz

=
1

m

∫ ∫

Dxy

(∫ z=1−x−y

z=0

zxdz

)
dxdy

=
1

m

∫ ∫

Dxy

x
1

2
(1− x− y)2dxdy

=

∫ 1

x=0

(∫ 1−x

y=0

x
1

2
(1− x− y)2dy

)
dx

=
1

m

∫ 1

x=0

1

2
x(−1

3
)(x− 1)3dx =

1

5
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Sunep¸c to kèntro m�zac èqei suntetagmènec G( 6
15

, 1
5
, 1

5
)

'Askhsh 8. Na brejeÐ to kèntro m�zac tm matoc omogenoÔc sfaÐrac ak-
tÐnac a pou apokìptetai apì k¸no gwnÐac ω me koruf  to kèntro thc
sfaÐrac.

LÔsh:
Lìgw summetrÐac to kèntro m�zac ja brÐsketai p�nw ston �xona twn z kai ja eÐnai

zG =
1

m

∫ ∫ ∫

V

λzdxdydz

Ja upologÐsoume arqik� thn m�za tou tm matoc qrhsimopoi¸ntac sfairikèc suntetagmènec
ìpou

x = r cos φ sin θ, y = r sin φ sin θ, z = r cos θ, dxdydz = r2 sin θdrdθdφ

me ìria
0 ≤ r ≤ a, 0 ≤ θ ≤ ω, 0 ≤ φ ≤ 2π

'Etsi ja eÐnai

m =

∫ ∫ ∫

V

λdxdydz = λ

∫ 2π

φ=0

dφ ·
∫ a

r=0

r2dr ·
∫ ω

θ=0

sin θdθ

= λ · 2π · 1

3
a3 · (1− cos ω) =

2πλa3

3
(1− cos ω)

Gia to kèntro m�zac ja èqoume

zG =
1

m

∫ ∫ ∫

V

λzdxdydz = λ

∫ 2π

φ=0

dφ ·
∫ a

r=0

r3dr ·
∫ ω

θ=0

cos θ sin θdθ

=
1

m
λ · 2π · 1

4
a4 · sin2 ω

2
=

3a

8

sin2 ω

1− cos ω

'Askhsh 9. Na brejoÔn h m�za kai h rop  adraneÐac omogenoÔc elleiy-
oeidoÔc me exÐswsh

x2

4
+

y2

9
+

z2

16
= 1

wc proc thn arq  twn axìnwn

LÔsh: Gia na upologÐsoume thn m�za kai thn rop  adraneÐac sto parap�nw elleiyoeidèc
mporoÔme na efarmìsoume ènan kat�llhlo metasqhmatismì se sfairikèc suntetamènec pou
ja eÐnai

x = 2r cos φ sin θ, y = 3r sin φ sin θ, z = 4r cos θ, dV = 24r2 sin θdrdθdφ

me ìria
0 ≤ r ≤ 1, 0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π
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H m�za tou elleiyoeidoÔc dÐnetai apì to parak�tw triplì olokl rwma

m =

∫ ∫ ∫

V

δdxdydz = 24δ

∫ ∫ ∫

G

r2 sin θdrdθdφ

= 24δ

∫ 1

r=0

r2dr

∫ 2π

φ=0

dφ

∫ π

θ=0

dθ = 24δ · 1

3
· 2 · 2π = 32δπ

H rop  adr�neiac dÐnetai apì to parak�tw olokl rwma

I =

∫ ∫ ∫

V

δ(x2 + y2 + z2)dxdydz

= 24δ

∫ ∫ ∫

G

(4r2 sin2 θ cos2 φ + 9r2 sin2 θ sin2 φ

+ 16r2 cos2 θ)r2 sin θdrdθdφ

= 24δ

∫ 1

r=0

r4dr

(∫ π

θ=0

∫ 2π

φ=0

(4 sin2 θ cos2 φ + 9 sin2 θ sin2 φ

+ 16 cos2 θ) sin θdθdφ
)

= 24δ
1

5

(∫ π

θ=0

∫ 2π

φ=0

4 sin3 θ cos2 φdθdφ +

∫ π

θ=0

∫ 2π

φ=0

9 sin3 θ sin2 φdθdφ

+

∫ π

θ=0

∫ 2π

φ=0

16 cos2 θ sin θdθdφ

)

= 24δ
1

5

(
16π

3
+ 12π +

64π

3

)
=

928δπ

5

'Askhsh 10. Leptìc dÐskoc omogen c stajeroÔ p�qouc k puknìthtac δ
kalÔptei thn perioq  tou epipèdou Oxy pou orÐzetai apì tic sqèseic y = x2,
x = y2. Na brejoÔn to kèntro m�zac kai h rop  adr�neiac tou dÐskou wc
proc thn arq  twn axìnwn.

LÔsh:
Ja upologÐsoume arqik� thn m�za tou dÐskou ìpou eÐnai

m =

∫ ∫

Dxy

δdxdy = δ

∫ 1

x=0

(∫ √
x

y=x2

dy

)
dx = δ

∫ 1

x=0

(√
x− x2

)
dx

= δ

(
2

3
− 1

3

)
=

δ

3

a) Oi suntetagmènec tou kèntrou m�zac xG kai yG upologÐzontai apì ta parak�tw
oloklhr¸mata

xG =
1

m

∫ ∫

Dxy

xδdxdy =
δ

m

∫ 1

x=0

(∫ √
x

y=x2

xdy

)
dx

=
δ

m

∫ 1

x=0

x
(√

x− x2
)
dx =

δ

m

3

20
=

9

20
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yG =
1

m

∫ ∫

Dxy

yδdxdy =
δ

m

∫ 1

x=0

(∫ √
x

y=x2

ydy

)
dx

=
δ

m

1

2

∫ 1

x=0

(
x− x4

)
dx =

δ

2m

3

10
=

9

20

Sunep¸c to kèntro m�zac èqei suntetagmènec G( 9
20

, 9
20

)
b) H rop  adr�neiac, wc proc to shmeÐo O(0, 0) ja eÐnai

I =

∫ ∫

Dxy

(x2 + y2)δdxdy = δ

∫ 1

x=0

(∫ √
x

y=x2

(x2 + y2)dy

)
dx

= δ

∫ 1

x=0

(
x3/2

3
+ x5/2 − x4 − x6

3

)
dx =

6δ

35

'Askhsh 11. Na brejeÐ h z sunist¸sa tou kèntrou m�zac tou omogenoÔc
stereoÔ pou perilamb�netai metaxÔ twn epifanei¸n z = x2 + 3y2 kai z =
8− x2 − y2

LÔsh:
H probol  tou koinoÔ ìgkou twn dÔo epifanei¸n sto epÐpedo Oxy prokÔptei apaleÐ-

fontac thn metablht  z kai autì pou prokÔptei eÐnai mia èlleiyh Dxy me exÐswsh x2+2y2 = 4.
UpologÐzoume arqik� thn m�za tou koinoÔ ìgkou pou prokÔptei apì to parak�tw triplì
olokl rwma

m =

∫ ∫ ∫

V

λdxdydz = λ

∫ ∫

Dxy

(∫ 8−x2−y2

z=x2+3y2

dz

)
dxdy

= λ

∫ ∫

Dxy

(
8− 2x2 − 4y2

)
dxdy

To parap�nw olokl rwma mporeÐ na upologisteÐ eÔkola qrhsimopoi¸ntac polikèc sunte-
tagmènec tic opoÐec orÐzoume wc exeÐc

x =
√

2ρ cos θ, y = ρ sin θ, dxdy =
√

2ρdρdθ

kai me ìria
0 ≤ ρ ≤

√
2, 0 ≤ θ ≤ 2π

To olokl rwma gr�fetai pleìn

m = λ

∫ ∫

Dxy

(
8− 2x2 − 4y2

)
dxdy = λ

∫ ∫

G

4(2− ρ2)
√

2ρdρdθ

= 4
√

2λ

∫ 2π

θ=0

dθ ·
∫ √

2

ρ=0

(2− ρ2)ρdρ = 4
√

2λ · 2π · 1 = 8π
√

2λ
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H z sunist¸sa tou kèntrou m�zac upologÐzetai apì to olokl rwma

zG =
1

m

∫ ∫ ∫

V

zλdxdydz =
λ

m

∫ ∫

Dxy

(∫ 8−x2−y2

z=x2+3y2

zdz

)
dxdy

=
λ

2m

∫ ∫

Dxy

4(4 + y2)(4− x2 − 2y2)dxdy

=
λ

2m

∫ ∫

G

4(4 + ρ2 sin2 θ)(4− 2ρ2)
√

2ρdρdθ

=
4λ
√

2

m

∫ 2π

θ=0

(∫ √
2

ρ=0

(4 + ρ2 sin2 θ)(2− ρ2)dρ

)
dθ

=
4λ
√

2

m

∫ 2π

θ=0

8
√

2

15
(10 + sin2 θ)dθ

=
4λ
√

2

m

8
√

2

15
21π =

448πλ

5m
=

28
√

2

5

'Askhsh 12. JewreÐste to omogenèc stereì pou orÐzetai apì tic epif�neiec
x + y = 2, 2y + x = 4, z2 + y2 = 4, x, y, z ≥ 0. Na brejeÐ h z sunist¸sa tou
kèntrou m�zac

LÔsh: H probol  tou koinoÔ ìgkou sto epÐpedo Oxy eÐnai h epif�neia Dxy h opoÐa
orÐzetai apì tic kampÔlec x + y = 2, 2y + x = 4 kai y = 0. UpologÐzoume arqik� thn m�za
tou s¸matoc h opoÐa dÐnetai apì to parak�tw triplì olokl rwma

m =

∫ ∫ ∫

V

λdxdydz = λ

∫ ∫

Dxy

(∫ √
4−y2

z=0

dz

)
dxdy

= λ

∫ ∫

Dxy

(4− y2)1/2dxdy = λ

∫ 2

y=0

(∫ 4−2y

x=2−y

(4− y2)1/2dx

)
dy

= λ

∫ 2

y=0

(2− y)(4− y2)1/2dy = λ

(
2π − 8

3

)

H z sunist¸sa tou kèntrou m�zac upologÐzetai apì to olokl rwma

zG =
1

m

∫ ∫ ∫

V

zλdxdydz =
λ

m

∫ ∫

Dxy

(∫ √
4−y2

z=0

zdz

)
dxdy

=
λ

m

∫ ∫

Dxy

1

2
(4− y2)dxdy =

λ

2m

∫ 2

y=0

(∫ 4−2y

x=2−y

(4− y2)dx

)
dy

=
λ

2m

∫ 2

y=0

(4− y2)(2− y)dy =
λ

2m
· 20

3
=

10λ

3m
=

10

3(2π − 8
3
)
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