
An�lush II

PedÐa OrismoÔ

Na prosdioristoÔn ta pedÐa orismoÔ twn sunart sewn

f(x, y) =
√

x2 − y2 +
√

x2 + y2 − 1 ,

f(x, y) = cos−1(xy) ,

f(x, y) = ln
(
x2 + y

)
,

f(x, y) = sin−1 x +
√

xy ,

f(x, y) = ln
(
a− x2 + y2

)
+

(
x2 + y2 − b

)
,

ìpou oi a, b eÐnai pragmatikèc stajerèc, kai twn

f(x, y, z) =
√

x2 + y2 − z + ln
(
x2 + y2 + z2

)
,

f(x, y, z) = ln(xyz) .
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An�lush II

'Oria & Sunèqeia

1) Na prosdioristoÔn ta ìria twn sunart sewn

f(x, y) =
x4 + 3x2y2 + 2xy3

(x2 + y2)2
, f(x, y) =

2x5 + 4x2y3 − 2y5

(x2 + y2)2
,

f(x, y) =
x3

x2 + y2
, f(x, y) =

x sin(xy)
x2 + y2

, f(x, y) =
x4y4

(x4 + y2)3
,

f(x, y) = (x2 + y2) sin
(

1
xy

)
, f(x, y) = xy

(
x2 − y2

x2 + y2

)
,

sto shmeÐo (0, 0).

2) Na apodeiqjeÐ ìti to ìrio thc sun�rthshc

f(x, y) =
x2 − y2

x2 + y2
,

me pedÐo orismoÔ to D = {(x, y) ∈ R2 : |y| < x2}, sto shmeÐo (0, 0) eÐnai h mon�da.

3) Na apodeiqjeÐ ìti to ìrio thc sun�rthshc

f(x, y) =
x + y

x2 + y2
,

sto (∞,∞) eÐnai to mhdèn.

4) Na prosdiorisjeÐ to ìrio thc sun�rthshc

f(x, y) =
sin(xy)

x
,

sto shmeÐo (0, 2).
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5) Na prosdiorisjeÐ to ìrio thc sun�rthshc

f(x, y) =
(
1 +

y

x

)x
,

ìtan x → +∞ kai y → k.

6) Na prosdiorisjoÔn ta epanalambanìmena ìria kai to ìrio (an up�rqei) twn sunart sewn

f(x, y) =
x2 − y2 + x3 + y3

x2 + y2
, f(x, y) =

x2y2

x2y2 + (x− y)2
,

f(x, y) =
sinx + 2 sin y

2 tanx + tan y
, f(x, y) = (x + y) sin

(
1
x

)
sin

(
1
y

)
,

sto shmeÐo (0, 0).

7) Na prosdioristeÐ to ìrio thc sun�rthshc sun�rthshc

f(x, y) =
{

0 αν y ≤ 0 η y ≥ x2 ,
1 αν 0 < y < x2 .

sto shmeÐo (0, 0).

8) Na exetasteÐ h sunèqeia thc sun�rthshc sun�rthshc

f(x, y) =





x2y
x4+y2 αν (x, y) 6= (0, 0) ,

0 αν (x, y) = (0, 0) .

9) Na exetasteÐ h sunèqeia thc sun�rthshc

f(x, y) =





xy
(

x2−y2

x2+y2

)
αν x2 + y2 > 0 ,

0 αν x2 + y2 = 0 .
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An�lush II

Merikèc Par�gwgoi & Olik� Diaforik�

1) Na upologisjoÔn oi merikèc par�gwgoi twn sunart sewn

f(x, y) = (1 + xy)y , f(x, y) = xxy
, f(x, y) = tan−1

(
x + y

x− y

)

f(x, y) = ln
[
tan

(
x

y

)]
, f(x, y, z, v) = xyz + yzv + zvx + vxy .

2) An h olik  puknìthta, ρ = ρ (t, x, y, z), enìc kinoÔmenou reustoÔ paramènei stajer , na pros-
diorisjeÐ h metabol  thc wc proc ton qrìno.

3) Na prosdiorisjeÐ to olikì diaforikì 1hc t�xhc thc f(x, y) = xy.

4) DÐnontai oi sunart seic f(x, y, z) = (z/x) ln(y/z) kai f(x, y, z) = ln(x3 + y3 + z3− 3xyz). Na
apodeiqjeÐ ìti ikanopoioÔn tic sqèseic

x

(
∂f

∂x

)
+ y

(
∂f

∂y

)
+ z

(
∂f

∂z

)
= 0 και

(
∂f

∂x

)
+

(
∂f

∂y

)
+

(
∂f

∂z

)
=

3
x + y + z

,

antÐstoiqa.

5) DÐnontai oi sunart seic f(x, y) = sin(xy) + cos(xy) kai f(x, y) = xey + yex. Na apodeiqjeÐ
ìti ikanopoioÔn tic sqèseic

∂2f

∂x2
+

∂2f

∂y2
= −(x2 + y2)f(x, y) και

∂2f

∂x2
+

∂2f

∂y2
= f(x, y) ,

antÐstoiqa.

6) Na prosdiorisjeÐ to olikì diaforikì 2hc t�xhc thc f(x, y) = exy.
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7) Na apodeiqjeÐ ìti oi sqèseic

(
x + ex/y

)
dx +

(
1− x

y

)
ex/ydy

kai

(3x2 + 3y − 1)dx + (z2 + 3x)dy + (2yz + 1)dz ,

parist�noun olik� diaforik� (1hc t�xhc) sunart sewn. Sthn sunèqeia na prosdiorisjoÔn oi an-
tÐstoiqec sunart seic.

8) Na upologisjeÐ proseggistik� h posìthta

ln
(

3
√

1, 03 + 4
√

0, 98− 1
)

.
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An�lush II

SÔnjeth Parag¸gish & AnaptÔgmata Taylor

1) 'Estw h sun�rthsh f = f(x, y, z) = x2 + y2 + z2, me x = uev, y = ue−v kai z = u/v. Na
prosdiorisjoÔn oi ∂f/∂u, ∂f/∂v kai ∂2f/∂v2.

2) 'Estw h sun�rthsh f = f(u, r) = u ln r, me u = x3−3xy2 kai r =
√

x2 + y2. Na prosdiorisjeÐ
h (Laplasian ) ∇2f = (∂2f/∂x2) + (∂2f/∂y2), wc proc tic u kai r.

3) Na prosdiorisjeÐ to olikì diaforikì 2hc t�xhc thc sÔnjethc sun�rthshc f(u, v) = u+v, ìpou
u = x2 − y2 kai v = exy.

4) An f = ϕ1(x− at) + ϕ2(x + at), me a = stajerì, na apodeiqjeÐ ìti ∂2f/∂t2 = a2(∂2f/∂x2).

5) An oi u = u(x, y) kai v = v(x, y) eÐnai omogeneÐc sunart seic bajmoÔ m kai h f = f(u, v) eÐnai
mia paragwgÐsimh sun�rthsh, tìte

x

(
∂f

∂x

)
+ y

(
∂f

∂y

)
= m

[
u

(
∂f

∂u

)
+ v

(
∂f

∂v

)]
.

.

6) Na grafeÐ to an�ptugma Taylor 2hc t�xhc thc sun�rthshc f(x, y) = ex cos y sto shmeÐo (0, 0).

7) An f(x, y) = x3 +y3, na prosdiorisjeÐ h sun�rthsh f(x+1, y +2) me qr sh tou anaptÔgmatoc
Taylor.

8) Na anaptuqjeÐ h f(x, y) = sin(xy) kat� tic dun�meic twn x kai y.

9) Na anaptuqjeÐ se seir� Taylor h sun�rthsh f(x, y, z) = −x2 + 2xy + yz + z2 sto shmeÐo
(1, 1, 0).
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An�lush II

Peplegmènec Sunart seic & Iakwbian  OrÐzousa

1) Na prosdiorisjeÐ h par�gwgoc dy/dx ìtan y = 1 + yx kai yx = xy.

2) Na apodeiqjeÐ ìti oi sqèseic ux + vy = 1 kai x/u + y/v = 1 orÐzoun tic peplegmènec sunart -
seic u = u(x, y) kai v = v(x, y). EpÐshc, na prosdiorisjoÔn oi posìthtec ∂u/∂x, ∂v/∂y kai
D(x, y)/D(u, v).

3) 'Estw h kampÔlh C, me parametrikèc exis¸seic thc morf c x = x, y = y(x) kai z = z(x), h
opoÐa orÐzetai apì thn tom  twn epifanei¸n x+ y + z = 0 kai x2 + y2 + z2 = a2. Na prosdiorisjeÐ
h exÐswsh thc efaptomènhc thc C sto shmeÐo P0(a/

√
2, 0, −a/

√
2).

4) An x = u2 + 3v, y = 3u + v3 kai ln z = u2 + v2, na upologisjoÔn oi merikèc par�gwgoi ∂z/∂x
kai ∂z/∂y.

5) 'Estw ìti h z = z(x, y) orÐzetai apì thn sqèsh F (x − az, y − bz) = 0, ìpou h F eÐnai mia
paragwgÐsimh sun�rthsh. Me thn proüpìjesh ìti ∂F/∂x = 0 kai ∂F/∂y = 0, na apodeiqjeÐ ìti

a

(
∂z

∂x

)
+ b

(
∂z

∂y

)
= 1 .

.
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An�lush II

Dianusmatikèc Sunart seic

1) a) An ~r(t) = cos t~e1 + sin t~e2 + κ~e3, me κ =stajerì, eÐnai to di�nusma jèshc enìc kinhtoÔ, na
apodeiqjeÐ ìti eÐnai p�ntote k�jeto sto di�nusma thc taqÔthtac tou.

b) Na apodeiqjeÐ ìti h troqi� ~r(t) = t2~e1 + (2/3)t2~e2 + (3/4)t2~e3 eÐnai eujeÐa.

2) Na upologisjoÔn h apìklish kai h strof  thc sun�rthshc ~f(x, y, z) = xz3~e1−2x2yz~e2+2yz4~e3

sto shmeÐo P0(1,−1, 1).

3) Na prosdiorisjeÐ h par�gwgoc thc φ(x, y, z) = 4x2y + y2z sto shmeÐo P0(0, 1, 2) kat� thn
dieÔjunsh thc efaptomènhc thc kampÔlhc ~r(t) = 3 cos t~e1 + 3 sin t~e2 + 4t~e3 sto shmeÐo ~r(π/2) thc
teleutaÐac.

4) Na apodeiqjeÐ ìti h mègisth par�gwgoc thc φ = φ(x, y, z) lamb�netai kat� thn dieÔjunsh tou
dianÔsmatoc ∇̄φ kai isoÔtai proc |∇̄φ|.

5) Na upologisjeÐ h klÐsh thc apìklishc thc ~f(x, y, z) = 2ex cos y~e1 + ex sin y~e2 + ez~e3.

6) Na prosdiorisjeÐ h exÐswsh tou efaptìmenou epipèdou kai to monadiaÐo k�jeto di�nusma thc
epif�neiac 2xz2 − 3xy − 4x = 4 sto shmeÐo P0(1,−1, 1).

7) 'Estw C h kampÔlh pou orÐzetai apì thn tom  twn epifanei¸n x+y+z = 0 kai x2+y2+z2 = a2.
Na prosdiorisjeÐ h exÐswsh thc efaptomènhc thc C sto shmeÐo P0(a/

√
2, 0, −a/

√
2).
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8) 'Estw ìti ta dianÔsmata B̄ kai Ē antistoiqoÔn sto hlektrikì kai to magnhtikì pedÐo, antÐstoiqa,
enìc hlektromagnhtikoÔ pedÐou pou diapern� èna fortismèno reustì. SÔmfwna me tic exis¸seic
Maxwell, èqoume

∂B̄

∂t
= −∇̄ × Ē και ∇ · B̄ = 0 .

St n perÐptwsh reustoÔ uyhl c agwgimìthtac to hlektrikì kai to magnhtikì pedÐo sundèontai
apì ton nìmo tou Ohm, Ē = −v̄ × B̄, ìpou v̄ eÐnai h taqÔthta tou reustoÔ. Tìte, an B̄ = B2ē2

kai v̄ = v1ē1, me B2 = B2(x1, x2, x3) kai v1 = v1(x1, x2, x3), na apodeiqjeÐ ìti

∂B̄

∂t
= B2

∂v1

∂x2
ē1 −

(
B2

∂v1

∂x1
+ v1

∂B2

∂x1

)
ē2 .

9) H sumperifor� enìc hlektromagnhtikoÔ pedÐou kajorÐzetai se meg�lo bajmì apì tic exis¸seic
Maxwell. SÔmfwna me tic teleutaÐec, se èna mÐgma hlektronÐwn kai prwtonÐwn mhdenikoÔ sunolikoÔ
fortÐou, èqoume

∇× B̄ = J̄ και ∇ · Ē = 0 ,

ìpou Ē, B̄ eÐnai ta dianÔsmata tou hlektrikoÔ kai tou magnhtikoÔ pedÐou antÐstoiqa, en¸ J̄ eÐnai
autì tou hlektrikoÔ reÔmatoc. EpÐshc, to hlektrikì kai to magnhtikì pedÐo sundèontai mèsw tou
nìmou tou Ohm

Ē = −v̄ × B̄ ,

ìpou v̄ eÐnai to di�nusma thc taqÔthtac tou fortismènou reustoÔ pou �filoxeneÐ� to pedÐo. Na
apodeiqjeÐ ìti

ω̄ · B̄ = v̄ · J̄ ,

me ω̄ = ∇× v̄ ex orismoÔ. UpenjumÐzetai h tautìthta: ∇ · (Ā× B̄) = B̄ · (∇× Ā)− Ā · (∇× B̄).
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An�lush II

Mègista � El�qista

1) Na prosdiorisjoÔn ta akraÐa shmeÐa thc sun�rthshc f(x, y) = 3αxy − x3 − y3, ìpou α eÐnai
mia mh mhdenik  stajer  posìthta.

2) Na prosdiorisjoÔn ta akrìtata shmeÐa, an up�rqoun, thc peplegmènhc sun�rthshc y = y(x)
pou orÐzetai apì thn sqèsh y2 + 2yx2 + 4x− 3 = 0.

3) Na prosdiorisjoÔn ta akraÐa shmeÐa thc sun�rthshc

f(x, y) =
1
x

+
1
y

,

me thn proupìjesh ìti ikanopoioÔn thn sunj kh x−2 + y−2 = α−2, me α > 0.

4) To embadìn trig¸nou eggegrammènou se kÔklo aktÐnac R prosdiorÐzetai apì thn sqèsh E =
2R2 sinA sinB sin Γ, ìpou A, B kai Γ eÐnai oi gwnÐec tou trig¸nou. Apì ta eggegrammèna ston
Ðdio kÔklo trÐgwna, na brejeÐ autì me to megalÔtero embadìn.
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